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General Materials and Supplies:
Handout #183 different shaped containers – for example, a vase, a pitcher, and a water glass marbles
chart paper
markers
CBR
calculator with overhead view screen
overhead projector
yardsticks
Data and graphs from “The Crow and the Pitcher” activity
spaghetti
Slide

Discussion
(slide 1) Module 6
Welcome back. Take care of any necessary business and paperwork.

(slide 2) Algebra Talks
• A class conversation about an algebraic equation, in which students discuss and critique
various strategies for solving the problem.
• The work is done mentally, though some writing may be offered by a student or by a
teacher when at strategy is explained.
As you define the first activity to participants note that the activity is designed to encourage a
variety of ways of thinking about algebraic equations. Mathematics education research has
shown that teaching young children algorithms for solving arithmetic problems without letting
them explore their own strategies or without connecting the algorithm to conceptual
understanding is not effective and can be detrimental to their understanding.
As students move to arithmetic equations with missing values represented by variables, the same
thinking holds, they should be given opportunity to find their own method of solution.
Connecting these problems to students’ existing understanding of arithmetic is a natural way of
encouraging that.
During this activity encourage participants to think beyond their “standard steps” of solving
these equations.
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(slide 3) Algebra Talks Rules
• When the problem is put up, solve it in your head.
• When you have solved the equation, put your thumb up in front of your chest.
• Try to solve in a different way.
• For each different way you solve, put up another finger.
Note to participants that a standard set of steps is just one way of solving these equations.
Challenge them to find at least 2 or 3 different methods of solution for each equation.
(slide 4) Algebra Talks: One Step Equations
There are four examples. Choose two to use with your group. Note to participants that within a
classroom, equations should be presented one at a time.
x+2=6
• Start with 2 and count up to 6
• Subtract 2 from the expressions on each side of the equal sign
• Add –2 to the expressions on each side of the equal sign
• Think about “What can I add to 2 in order to equal 6?”
3 = y + (-7)
• Start with –7 and count up to 3 OR count up to 0 and then up to 3
• Subtract –7 from the expressions on each side of the equal sign
• Add 7 to the expressions on each side of the equal sign
• Knowing that 7+(-7)=0, add 3 more than 7 to equal 3
a – 3 = -2
• Start with –2 and count up 3 to 1
• Trial and Error: I know that 3-3=0 so a must be 2 less than 3
• Add 3 to the expressions on each side of the equal sign
• Change the subtraction sign to addition of the opposite of 3 and add 3 to the expressions
on each side of the equal sign
b – (-8) = -2
• Start at 8 and count down to –2
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Add –8 to the expressions on each side of the equal sign
Change the subtraction sign to addition of the opposite of –8 and subtract 8 from the
expressions on each side of the equal sign
Thinking of “taking away” a negative amount as adding, sketch a number line and decide
what you add to 8 to reach -2

(slide 5) Algebra Talks: Two Step Equations
There are four examples. Choose two to use with your group. Note to participants that within a
classroom, equations should be presented one at a time.
2x + 1 = 5
• Subtract 1 from the expressions on each side of the equal sign; then divide the
expressions on each side of the equal sign by 2
• Think, “What number plus 1 is five?” and then divide that by 2
• Similarly, I know that 4 plus 1 equals 5, so 2x must equal 4 and x must be 2
3x – 1 = 5
• Add 1 to the expressions on each side of the equal sign; then divide the expressions on
each side of the equal sign by 3
• Think about what number I subtract 1 from to equal 5, so 3x must be 6, and x must be 2
• Similarly, if 1 from 3x is 5, 3x must be 6…
2 – 4x = 6
• Subtract 2 from the expressions on each side of the equal sign; then divide the
expressions on each side of the equal sign by –4
• 2 and 6 differ by 4, and I must subtract a negative value in order to increase 2 by 4; so 4x
must equal –4 and x must be -1
13 = 7x - 1
• Add 1 to the expressions on each side of the equal sign; then divide the expressions on
each side of the equal sign by 7
• 13 is 1 less than 7x, so 7x must equal 14 and x must be 2
• 2 multiplied times 7 is 14 and 1 less than 14 is 13, so x must be 2
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(slide 6) Algebra Talks: One Step Inequalities
There are four examples. Choose two to use with your group.
x+3>4
• Subtract 3 from the expressions on each side of the inequality sign.
• If I add 1 to 3, then the sum is 4, so I must add a number greater than 1 to achieve a sum
greater than 4; or x must be greater than 1
4–x<7
• Subtract 4 from the expressions on each side of the inequality sign; then multiply the
expressions by –1, reversing the inequality sign
• 4-x must be less than 7 and if I subtract a number from 4 to equal 7 that number would be
–3; so to get a smaller difference choose a number larger than -3
2x > 14
• Divide the expressions on each side of the inequality sign by 2
• Think, “What number multiplied by 2 is 14?” then x must be larger than 7 so that 2x is
larger than 14
15 > -3x
• Divide the expressions on each side of the inequality sign by –3
• Think, “What number multiplied by –3 equals 15?” then x must be larger than -5 so that 3x will be smaller than 15
(slide 7) What Do You Think?
How will you use these in your classroom?
Algebra Talks could be used in before any instruction on solving these types of relationships, to
encourage students to develop their own methods. In fact, teachers could create a sequence of
Algebra Talks designed to have students discover a “rule” of operating with integers. For
example,
A – (-5) = 5
B – (-5) = 10
C – (-10) = 10
X – (-10) = 20, might be a list that could be used to lead students in seeing that the missing value
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is being increased by the magnitude or absolute value of the number being subtracted
(subtracting a negative is equivalent to adding a positive).
Algebra Talks could be used as review or as daily warm-ups.
How do rules of operations with integers fit within these discussions?
How do standards algorithms fit within these discussions?
Participants may note that employing “standard algorithms” or rules to these problems is more
efficient than other strategies. Well, those standard rules and approaches must be around for
some reason! Very often the “standard technique” is a technique that “won out” over others
because it was most efficient. However, memorizing these techniques does not help student
understanding of these mathematical operations and relationships.
(slide 8) Focus: Algebra
Thinking about change is not simple. It requires thinking about several things at once
Engage the group in a discussion of what algebraic concepts must students understand in order to
succeed in Algebra?
Among the answers are – variables, slope, and relations and functions, the concepts on the
following slides.
(slide 9) Variables
What is changing? Over what time period is the change occurring?
Ask participants for examples of how variables are used in algebra. Example might include• as an unknown value (x+3=9), so that it doesn’t really vary
• as an unknown value that can vary (x>4 or a+0=a or a+b=b+a)
• as values that vary in relation to one another (y=2x+5 or x+y+z=10).
The “time period” may refer to the range of input or independent variable values. For example, if
a scientist looks at bacteria population in a Petri dish over time, then time is that independent
variable. If in class you want your students to focus on the part of the line y=5x that sits in the
first quadrant from x=0 to x=5, then that is the total “time” period.
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(slide 10) Slope
What is the rate at which the change is occurring?
Note that slope is vital to the discussion of variables as “values that vary in relation to one
another” in describing mathematically how two variable might relate, specifically when the
relationship is linear.
(slide 11) Relations and Functions
Is the change following a pattern?
Change is important in relationships that are not linear as well.

(slide 12) Let’s play a game!
Can you “Guess My Rule”?
Play the game “Guess my rule”
Directions for the game:
1) There is a function or rule that defines the relationship between x and y values in the
table
2) Make a t-chart on the board to record the values of x and y (or use the slide)
3) Assume the rule is best defined by taking “X” as an input value and outputting a
corresponding “Y” value
4) Ask a participant to give you a number that is not on the chart as a possible input value.
Tell everyone its corresponding output. (The rule is y = x2 + 1. So find the output value
for whatever number the participant gives.)
5) Ask the participants if they can guess your rule.
6) If not continue to request values of x and generate values of y until they can guess the
rule.
Ask participants to play the game a couple of times in pairs, taking turns inventing the rule and
chart, and guessing the rule. Ask them to discuss the questions on the following slide as they
play the game.
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(slide 13) Can you “Guess my Rule”?
Discuss the following questions at the conclusion of each round of the game.
What is changing? (input and output values, with output depending on the input)
Over what time period is the change occurring? (the total time period can be represented by the
smallest to the largest input values in the table, or you could talk about increasing the input value
in unit steps)
What is the rate at which the change is occurring? (it could be constant or not constant, but
predictable for consecutive table values)
Is the change following a pattern? (it has to in order to be a function, though it could be hard to
predict)
Note that when working with students it is important to recognize that a function describes a
relationship between x and y values, while the rate of change describes the part of the
relationship that is “How does y change when x changes?”
This game also provides an opportunity to develop an understanding of domain and range and
could even be used to discuss discrete and continuous data.
(slide 14) Thinking Mathematically
Middle-grades students need to learn to think about these questions mathematically.
The above quote refers to the previous questions.
National Council of Teachers of Mathematics. (2001). Navigating through Algebra in Grades
6-8, Reston, VA: author.
Before moving on to the next slide, have participants discuss in small groups what their students
think that slope is.
What do your students think that slope is?

page 7

2009 Leaders’ Notes

Grade 8

Module 6

(slide 15) What Do Students Think of Slope?
m=slope
y=mx+b
slope=rise/run
m=(y2-y1)/(x2-x1)
Some students will respond to the question with the items listed above, but more explanation is
needed!
Most students have a very rote understanding of slope. They will tell you that slope is rise over
run; they can give you the formula for calculating slope.
(slide 16) What Does Slope Tell Us?
It quantifies the steepness of a line
A few students understand that the slope is the measure of the steepness of a line.

(slide 17) What is slope?
It is the rate of change in one quantity with respect to change in another quantity
A few students understand that slope is the rate of change in y-value with respect to change in xvalue. Though it might not be made explicit until students have more experiences with the
graphs of functions that are not linear, slope is a characteristic of lines (not curves).
(slide 18) Activity – Rising waters
MATERIALS: 3 or more different shaped containers – for example, a vase, a pitcher, and a
water glass with openings that have a constant diameter (instead of something like a wine bottle
that has a larger diameter at the bottom than at the top)
Aesop’s Fable – The Crow and the Pitcher
The intent of this and the following activities is to improve student’s practical and graphical
understanding of rates of change (slope) and the idea of slope as a ratio (which will be
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introduced later).
Recall that participants read Aesop’s fable of the crow and the pitcher in module 5. As the crow
added stones to the pitcher of water (as you added marbles), what happened to the level of the
water? In your groups, reproduce the graph of the level of the water over time (Note:
participants were asked to save the graph they created with this experiment in the previous
module).
What do you know about the rate at which the level of the water in the beaker rose? (The rate
was constant.)
What factors caused the rate to be constant? (The shape of the container being a cylinder with a
constant diameter and the equal volume of each “stone.”)
What if the shape of the container is changed? How will this affect the change in the level of the
water?
Have participants form 3 groups (1 group for each container). Ask them to observe the level of
the water in each of three containers as they are filled with different amounts of marbles. Sketch
a graph of the level of the water over time.
Then have participants regroup themselves into threes, with one person from each of the three
larger groups.
Note to leader – all 3 could be done together as a large group if you have a very small number of
participants.
(slide 19) Filling a Hot Tub
MATERIALS – Handout #18
Whole group or table group discussion:
What could a graph of the water level of a hot tub being filled with water look like? (Answers
may vary.)
What would be the independent and dependent variables? (Independent-time and Dependentheight)
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(slide 20) Water in a Hot Tub
Based on this graph of water depth over time, determine a way to describe the rate at which the
tub is filled over various time intervals. What would different slopes of lines indicate? (Different
rates at which the water was being poured in or out)
Emphasize the connection between the steepness of the lines and the rate of change of the depth
of the water.
Is this concept – depth of water over time – a function? (Yes)
Explain why or why not.
(slide 21) Activity – Filling a Container
MATERIALS: Handout #19
Small group activity:
Given pictures of various containers, ask participants to sketch a graph that represents the height
of the water over time as each container is filled with water at a constant rate of pour.
As the groups are working together to create different graphs, select participants to share the
graphs that they created with the whole group.
Discuss why each is or is not a reasonable graph, asking participants if there are any assumptions
that they’ve made.
Compare the shape of the container to the rate at which the water level rises – compare the
steepness of the graph to the rate at which the water level rises.
Have each group sketch a container and a graph on chart paper that represents the height of the
water over time. Each group should display their graphs. Participants should create a sketch of
the container whose graph is shown.
Discuss the results as a group. What are some misconceptions that your students might have?
(slide 22) Mystery Graph
MATERIALS: Handout #20
Whole class discussion:
Ask participants to think about the questions on this slide as they view the graph on the next
slide. Have them refer to handout #20.
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(slide 23) Mystery Graph
Look at the “mystery graph” and discuss interpretations. What common household appliance
does the graph represent? (An oven.) Why doesn’t the graph temperature start at zero? (It
would start at “room” temperature, which is typically not 0 degrees Celsius or fahrenheit)
Why isn’t it constant at 350°? (The elements constantly turn on or off to maintain the
temperature, when it falls below or moves above the set temperature.)
Relate the steepness of the graph to the change in temperature. Discuss what is happening at
each peak and valley of the graph.
Is this concept – temperature of an oven over time – a function? (Yes) Explain why or why not.
(slide 24) Qualitative Graphs
MATERIALS: Handout #21
Think, pair, share- that is, begin by having participants make decisions about the graphs on their
own. They should identify the graphs that best represent each situation.
Then after about 5 or 10 minutes ask them to find a partner with whom to share their ideas.
Discuss the rate of change of each graph and determine whether or not the relationship
described/graphed is a function.
(slide 25) Mathematical Models
MATERIALS: Handout #22 , chart paper, and markers
What is a mathematical model? Answers may vary and could include any equation, inequality,
or graph used to represent a situation.
Partner activity:
Pairs will create their own mystery graphs for “Functions as Mathematical Models.”
Pairs will also sketch a reasonable graph for a specific situation on chart paper. Once each pair
has displayed their graph, participants match each description to a graph – discuss the results as a
group or have pairs swap graphs and descriptions.
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(slide 26) Walk That Function
MATERIALS: CBR, calculator with overhead view screen, and overhead projector.
Using the CBR, participants will view a series of graphs and must walk at varying rates in front
of the motion detector to create the graphs displayed. Before students attempt to generate the
graphs, discuss the relationship for distance and time in each situation and agree upon the
appropriate motion for the “hiker.”
(MMS, March 1999, Putting Math in Motion, pp. 364-367)
What are common misconceptions students have about distance-time graphs?
Answers will vary, but some students struggle with the idea that the distance shown in the graph
is a straight-line distance from a fixed point. That is, a curved distance-time graph that increases
and then decreases as time goes by could be used to describe moving away from and then back
to a fixed point. It does not necessarily describe a curved path of a moving object through space.
Finally, as time permits, have each group sketch a graph that their peers have to walk.
(slide 27) Distance-Time graphs
“In order to analyze the graph of a set of distance-time data, the student must be able to
interpret the rates of change in distance, velocity, and acceleration that are observable in a
graph.”
NCTM – Navigating through Algebra, 2001
Discuss the relevance/accuracy of the statement in the context of the previous activity. Have
participants share their ideas in small groups, noting that though velocity (graphically seen as
slopes of tangent lines to the graph) and acceleration (the rate of change in the velocity, or the
rate of change in the slopes of those tangent lines; graphically seen as concavity) may not be
topics initially discussed with students during the beginning stages of learning this content, but
that they are useful for teachers to understand when teaching this content.
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(slide 28) Your Trip To School
MATERIALS – Chart paper, markers, yardsticks
Small group activity:
Present the following scenario to the group:
You live 6 miles from school and your trip takes you twenty minutes. There is one stop sign
along the way and you must come to a complete stop at the stop sign.
Participants should work in groups of three or four to create a distance versus time graph of their
trip to school. As participants work guiding questions might include;
- What are your starting and ending points? They could be (0,0) and (20,6) assuming
distance measures distance from home or they could be (0,6) and (20,0), when distance
measures distance from school.
- What happens to your distance from the school as you pass time at the stop sign? (It
doesn’t change.)
- What should be true about your velocity as you start out, come to the stop sign, sit at the
stop sign, leave the stop sign, and approach the school? (Velocity should be increasing
from 0, decreasing to 0, sitting at 0, increasing from 0, and decreasing to 0,
respectively.)
Hopefully the experience with the CBL and motion detector will transfer to this activity.
Many students believe that the graphs should be linear. They neglect to consider when the car is
speeding up or slowing down. The velocity at the start, at the stop sign, and at the end should be
zero (or graphically, these are places where the curve should look flat.)
Use the graphs to further discuss the idea of slope as a rate of change; relate the steepness of the
graph to the velocity- the steeper the curve the faster you are moving away from home or toward
the school.
(slide 29) Slope as a Numerical Value
Ask for a volunteer to describe each of the given slope values.
Describe in words what these slope values mean.
2- one value increases by 2 units for every increase of 1 unit in the other value
3/2- one value increases by 3 units for every increase of 2 units in the other value
1.5- one value increases by 1.5 units for every increase of 1 unit in the other value (this is the
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same relationship as the previous slope value- note that they are proportional 3/2=1.5/1)
-4- one value decreases by 4 units for every increase of 1 unit in the other value
-2.5/3- one value decreases by 2.5 units for every increase of 3 units in the other value
As we connect slope to graphs of lines we must not loose the rate-of-change-in-variable-values
context that slope describes.
(slide 30) Water in a Hot Tub
MATERIALS: Handout #18
Thinking about the graph of the water in the hot tub, what ratio represents the rate at which the
water level rose or fell over each interval of time?
Ask participants to talk in their table groups to estimate a numerical value to the rate of change
of the level of the water over several different time intervals.
Note that each table group may make different assumptions about the total amount of time and
the highest value of water depth involved. Each table’s estimates should be relatively accurate to
their assumptions.
As the groups are working, circulate through the group and choose a few groups to offer their
estimates. Encourage them to explain their thinking as they do so.
(slide 31) He’s back!
Revisit Aesop’s Fable data and graph again.
MATERIALS - Data and graphs from “The Crow and the Pitcher” activity, spaghetti
Small group discussion:
Look at the table of values from the activity. Determine a relationship between the number of
marbles and the height of the water in the container.
Use the following questions to lead the participants to the correct function:
How much did the level of the water rise for each marble that was added?
What numerical quantity describes this change?
What was the height of the water in the container before any marbles were added?
Now use a piece of spaghetti to obtain the line of best fit for the graph of the data.
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At what point does this line intersect the y-axis?
How does this value relate to the height of the water in the container before the marbles were
added? (This should be the height of the water before any marbles were added.)
Determine a measure of steepness for the line. How does this value relate to the rate at which
the level of water rose with the addition of each marble? (It should be close to equal.)
Write an equation that models the relationship between the height of the water and the number of
marbles.
Height of the water =(Measure of steepness or rate of change in water level)*Number of
Marbles+(y-intercept or height of water before marbles added)
Have participants share their solution and then ask them to determine how many marbles must
be added to raise the level of the water to the top of the beaker.
(slide 32) Modeling Functions
Patterns and functions
Rate of change
Meaning of slope and y-intercept
Relate a function to its graph
Listed on the slide are some of the conceptual understandings that students must possess in order
to create an accurate mathematical model. Ask participants if there are other concepts they might
include.
Note to participants that in the creation of a mathematical model students must:
1. Observe patterns and relationships among data.
2. Determine the rate at which one variable changes (dependent upon another.)
3. Understand the contextual meaning of the slope and y-intercept of the model.
4. Relate the function to its graph.
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(slide 33) Olympic Data
Using data to make predictions
MARTERIALS – Handout #23
Given the split times for Michael Phelps’ qualifying heat for the 200m freestyle race in the 2008
Olympics, ask participants to complete the following:
- Given the data in tabular form, determine the rate at which he swam.
- Explain the mathematical relationship between the distance that he swam and the time.
- With a partner graph the data, draw a line of best fit; determine a measure of the
steepness of the line. Write the equation of the line.
- Predict the amount of time that it would take Michael Phelps to swim 400 meters.
Whole Group discussion:
Ian Thorpe swam the 400m freestyle race in 3:40.08 minutes. How realistic is your prediction?
Should your model be used in this context? Explain why or why not?
Ask participants to share other sources of data that students could analyze?
(slide 34) The NC Standards
The slide lists goals from the current (summer 2009) SCOS
• Collect, organize, analyze, and display data including scatter plots to solve problems.
• Approximate a line of best fit for a given scatterplot; explain the meaning of the line as it
relates to the problem and make predictions.
• Develop an understanding of functions.
Have participants reflect back on the activities within this module.
If time allows, encourage them to share with their tables other activities they have used in their
classrooms that would address these standards.
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(slide 35) What’s The Big Idea?
The slide lists a Big Idea covered in this module.
• Bivariate data may be displayed and then analyzed within the rectangular coordinate
plane, where a linear equation may be a good model for the relationship between the two
attributes.
What additional Big Ideas might be added to this one?
Allow participants a few moments to look over their list of the Big Ideas of 6-8 mathematics.
They should note that some Big Ideas in Algebra should be included.
(slide 36) Learning is …
Learning is not the result of development; learning is development. It requires invention and
self-organization on the part of the learner. Thus teachers need to allow learners to raise their
own questions, generate their won hypotheses and models as possibilities, and test them for
validity. Fosnot
Van de Walle, J. A (2004). Elementary and Middle School Mathematics: Teaching
Developmentally. Pearson Learning Inc.
What implications does this have for our classroom instruction, particularly within the context of
teaching patterns, functions, data analysis, and modeling? Ask participants to discuss their ideas
with a partner.
(slide 37-40) Credits and closing slides
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