2009 Leaders’ Notes

Grade 3

Module 2

page 1

General Materials and Supplies:
 colored pencils; square tiles; measuring tapes ; small cubes; paper clips; markers; poster for arrays of 24; extra 2 cm and 1 cm
grid paper
cardstock:
 Quick Draw Multiple Cards
 Circles and Stars – Directions
 Tiling Patios: Directions
Books: optional
Amanda Bean’s Amazing Dream by Marilyn Burns
The Best of Times by Greg Tang
One Hundred Hungry Ants by Elinor J. Pinczes
Slide

Tasks/Activity

(slide 1) Partners Module 2 Multiplication
Multiplication is a key idea in grade three. Just as you will work on place value understanding
throughout the year, you will work on concepts and skills of multiplication across time to help
students develop a true understanding.

(slide 2) BIG Ideas: Multiplication
Provide time for participants to read points on the slide.
•

•

Understanding of multiplication depends on a student’s ability to work with what we call
“composite wholes” or units. A composite whole is a collection of items, such as 3 hats in a
package. If there are 3 hats in one package, there would be 6 hats in two packages. Students
who think in composite groups would think of one package of hats as one group of 3; two
packages as 2 groups of 3, etc. If students see hats as three individual hats (hat, hat, hat)
then they are not thinking in composite groups.
Ask: How might we move students to understanding multiplication as combining equal
groups? (Possible answers might include: using repeated addition where students might be
counting by twos, 5s or 10s; using context of eyes, legs, fingers, pennies to support
visualizing equal groups;
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Why is thinking in composite groups important? (find totals in an efficient way)

To understand multiplication and division, students have to be able to conceive of a collection as
a unit which is the same as to be able to think about the “group” as a unit. (Three groups of ten
fingers.) Unitizing underlies the understanding of place value, multiplication and division.
Unitizing is also referred to as the use of composite units.
(slide 3) Big Idea: Operation Relationships
Point out the big ideas and descriptors on the slides. Don’t spend time on this slide beyond
reading since the ideas will be explained as you move through this module.

(slide 4) Considering Students’ Strategies
• Ask participants to look at the picture of the windows on the slide. Ask: How many window
panes are there?
• Ask participants to solve the problem in one or more ways to illustrate how third grade
students might solve this problem. Share strategies with the whole group.
Identify strategies that use additive reasoning (3 + 3 + 3 + etc.), multiplicative reasoning (6 x 3),
counting or a combination (2 x 3) = 6.
(2 x 3) = 6
6 + 6 = 12
12 + 3 + 3 = 18
It is important that students have many experiences to understand that multiplication is a way to
mathematically describe “groups of groups”.
To introduce the topic of multiplication to students, find pictures of arrays of fruits in boxes,
groups of items packaged in boxes, or rows of stamps in an album etc. The picture should have
more than ten items in a group to discourage students from counting by ones. Pictures found in
literature books such as Amanda Bean’s Amazing Dream by Marilyn Burns provide visual
contexts for multiplication. You can also use Google images (images.google.com) to find
pictures of real-world items, etc. that are in groups.
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(slide 5) Mathematics Should Make Sense
The purpose of this discussion is to provide teachers with an opportunity to reflect on meanings
of multiplication and division. Reflect on this question again near the end of this module.

(slide 6) Understanding Multiplication
• Ask several participants to share a contextual problem and the representation they used for
4 x 6. Note that writing contextual problems can be difficult because four groups of six and
six groups of four are different models when you add real situation to a symbolic expression.
•

Ask the participants (those sharing problems) to explain why they chose the model they used
to represent the problem. Why is this difficult for students? (Students have been counting by
ones and they see 4 + 6 as 4 pieces of candy plus 6 pieces of candy. To think of 4 x 6,
students have to reorganize and think differently about what they know about number.
Student now have to think of a group of six as one unit and then make or visualize
4 groups of six.

•

The number in the group and the whole are considered simultaneously. Students need to see
the four differently because now it is being used to count groups, not objects. This is a
contradiction to early learning.

(slide 7) Understanding Multiplication
Find student work in the handout. The first student is using repeated addition. The student
begins by modeling directly all the quantities and actions in the problem.
The second student has moved beyond the need to show every item in a group of objects. This
student uses a more abstract counting strategy where he keeps track of the number of counts and
skip counts to or back from a given number.
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(slide 8) Learning From Representations
• The ways in which students represent their mathematical ideas provides a window into their
thinking.
• The term representation refers both to process and to product. Representations are essential
elements in supporting students’ understanding and communication of mathematical ideas.
o Students use their representations to make sense of the mathematics. While
explaining a representation, students find their own errors or make connections to
other ideas. Students may use representations to organize, record and communicate
their mathematical ideas.
• As teachers, It is important to encourage students to represent their mathematical ideas in
ways that make sense to them, even if those representations are not conventional. At the
same time, students should learn conventional forms of representation in ways that facilitate
their learning of mathematics and their communication with others about mathematical
ideas.
• Ask: If a student is asked to solve 3 x 7, how might thinking of a simple story help the
student visualize the multiplication expression?
o Encourage participants to think of a context that has meaning for third grade students.
Ask someone to share an example.
(slide 9) Understanding Multiplication
Compare the representations. What did each student know? In the drawing, the student
represented both the number of groups and the number in each group. The second student
recorded 4 + 4+ 4+ 4 to represent the number of dogs as well as the number of legs on each dog.
In the third representation, the student doubles 4 to get 8 and then doubles 8 to get 16. As
students solve multiplicative situation in a context, their initial strategy of counting by ones
becomes inefficient.
(slide 10) Grouping Repeated Addition
Ask: What are other ways the repeated addition can be regrouped?
Multiplication requires the construction of new, higher-order numbers out of addition.
Multiplication for students begins with skip-counting and repeated addition, but structuring the
situation leads to strategies such as doubling, using partial products or benchmarks such as fivetimes and ten-times.
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Multiplication in its simplest form is seen as the process of adding a whole number to itself a
certain number of times. The multiplication of 4 x 3 is 3 + 3+ 3 + 3, producing the product of
12.
In this case, 3 is the multiplicand and 4 is the multiplier. The multiplicand and the multiplier
are usually referred to as factors.

(slide 11) Repeated Groups and Sharing
In this module, we have focused so far on the idea that one way students come to understand
multiplication is approaching multiplication through repeated addition, derived from experience
with counting. Through experiences, students then construct other meanings of multiplication.
Researchers find that students’ ideas about multiplication and division develop not out of
counting, but rather from experiences with sharing. in which equal portions must be created.
• It is in dealing out these ”fair shares” that children come to understand multiplication and
division as related concepts (confrey & Harel. 1994; Confrey, 1995) Each group and the
number of groups is known. Division is used when the total quantity is known and we want
to find out either the number or the size of the groups.
What might be a context for each situation?
How are multiplication and division alike? (Both operations involve equal size groups.)
(slide 12) Equal Groups
Ask participants to use models to solve this problem on the slide.
Students who do not know all of the number facts may split the 36 in half to get 18 + 18 pens to
share with 3 friends. They would then partition 18 pens into 3 equal groups and then partition
the other set of 18 pens. Each friend would receive 12 pens.
Students might split 36 into 30 and 6 and using division or multiplication
(30 ÷ 3 and then 6 ÷ 3 ). Some students will think of 3 x 10 = 30 and 2 more pens each would
be 12.
Each friend would receive 12 pens.

page 5

2009 Leaders’ Notes

Grade 3

Module 2

(slide 13) Things in Groups
The operations of multiplication and division require thinking in equal groups?
• Find the “Things That Come in Groups” handout.
• Ask each table group to add additional items to create a data base. (These are just
suggestions for teachers).
• It is important that the students create a class data base that is visible to all students. Students
add to charts as they have new ideas.
• The items on the data base provide a context created by students as they begin to think
informally about the structure of multiplicative situations.
• Images from websites as well as pictures in books provide a context for multiplication
situations.
• Charts provides opportunities for students to visualize and identify groups in a context.) In
the classroom there might be a chart for each number 2-12. Students could also have an
individual chart to use when writing and solving problems. The chart should include
numbers 2 – 12. Some students may look for groups of things in larger numbers.
• Share ideas so others might add them to their charts.
(slide 14) Asking Questions
• Ask participants to give suggestions for both questions. Ex. How many balls would I have if
I purchased 4 cans? Jim bought 12 tennis balls, How many cans did he buy?
• Why would we want students to generate these questions? (Writing the questions leads
students to focus on the information used to describe multiplicative situations.)
• The problem structure determines whether the problem is a multiplication or division
problem. The structure of multiplication and division problems will be discussed in module
7.
(slide 15) Visualizing a Story Context
• Ask: How might we help students find meaningful contexts to write their own problems?
(surveys and other class data collections; writing opportunities, discussions) Using ideas
from the “Things In Groups” chart as well as websites and picture books, allows students to
determine their own numbers and their own situation in a context.
• When students are able to use a context that is meaningful, they are better able to visualize
the context as a way of thinking their way through the problem.
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(slide 16) Contextual Problems
Writing problems focuses students on multiplicative situations. Students can determine their
own numbers and are able to use solution strategies that make sense.
Teachers will be able observe a range of understanding around ideas of multiplication and
division by observing numbers used, solution strategies and understanding of the operations.

(slide 17) Function Tables
• Proportional reasoning requires multiplicative thinking.
• Functions are relationships or rules that uniquely associate members of one set with
members of another set.
• Students should see that change in one quantity produces change in the other quantity. In
order to see the relationship, the data has to be organized.
• Function tables are a way to organize the data.
If one tricyle uses 3 tires and we want to know how many tires are needed for 5 tricycles, the
thinking involved is about proportionality.
Using a function table is a way to bridge repeated addition with proportional reasoning to push
students toward multiplicative thinking.
Read points on the slide. Ask participants to describe patterns found in the function table. What
patterns might students see at first? (vertical patterns)
Looking at patterns horizontally pushes students to think in groups.
Information below for leaders:
Functional relationships occur when two sets or quantities change in relation to each other. The
relationships can be described in words or with mathematical symbols. The relationships can be
portrayed using representations such as tables and graphs. Tables are one way to represent these
relationships (algebraic expressions.) Letters can be used instead of words to label the table.
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(slide 18) Function Tables
Ask: What might students notice first?
Point out that the first response is often to find a recursive pattern, which involves looking for a
relationship within a sequence of values. If the idea is to find the number of legs, students will
focus on the number of spider legs (second column).
• What patterns might students notice in the second column?
• (Students might explore how to get from 8 to 16 and from 16 to 24, etc.)
• What operation can we perform to get from 8 to 16; 16 to 24? (adding 8 each time)
• Using the recursive pattern, how do you find the number of legs for the next spider? The
next? For a varying number of spiders?
• When looking at the recursive pattern, what relationship is missing? (The number of spiders
is not connected to the pattern)
• The recursive pattern is limited as you only know the number of legs for a specific number
of spiders.
• How might you show the total number of legs in comparison with the total number of
spiders? How is this different from the recursive pattern?
• Using the relationship of the number of spiders to the number of legs (function) allows you
to find the total number of legs for any number of spiders.
• How might you describe this relationship? (As the number of spiders increase, the number
of legs increase. Change in one quantity produces change in the other quantity.)
• Why would you ask students to create a table to represent the data?
• (Organizing the data in a function table allows us to see the relationship.)
• What is the rule? (multiply by 8) The rule tells what to do to the first number to get the
second number.)
• We want third graders to represent the number of legs symbolically. For example, the
number of legs might be represented as L and the number of spiders as n or s. The function
can be described as: L = 8 x s or L = 8s (Students can decide on symbols they want to use).
• If you know the second number, how do you find the first number?
• (Teacher information) Because the number of legs depends on the number of spiders, the
number of legs is called the dependent variable and the number of spiders is the independent
variable. We often refer to the independent variable as “input” and the dependent variable as
“output”.
• Function tables: The independent variable is the first column and the independent variable is
the second column.
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(For Leaders)
Functions allow us to see, generalize, and represent relationships. The ability to create,
recognize, and extend patterns is essential for making generalizations and seeing relationships.
Functional relationships can be expressed in real world contexts using graphs, algebraic
equations, tables and words.
Each representation for a given function is merely a way of expressing the same idea. A linear
function is characterized by a constant rate of change over equal intervals. If we show this
relationship on a line graph, the graph would show a straight line. If we look at the pattern of
spiders and legs, we can find the number of legs for any number of spiders by multiplying the
number of spiders by 8. The pattern holds for any number of spiders and the number of legs
between these two quantities – the number of spiders and number of legs –change in relation to
each other.
(slide 19) Multiplicative Reasoning
• Representing problems in a context, such as a number of cars and a number of tires, will help
students realize the meaning of the mathematics.
• What is the rule? What are advantages of using these simple function tables? (Another way
to support students to visualize contextual situations and division and multiplication as
inverse relationships.)
• How would you lead third graders to generalize the number of tires for any number of cars?
• In table groups, list 5 or more examples of contextual situations for function table. Share
ideas with the whole group.
(slide 20) Visualizing Multiplication
Ask participants to find the handout and the recording sheet for Circles and Stars. This game
gives students a visual representation of the connection of repeated addition to multiplication.
After playing the game, ask:
• What is the mathematics in this game?
• How might this game be extended to connect to ideas of division?
Share the idea of collecting class data related to products when rolling and multiplying 2 regular
dice (handout).

page 9

2009 Leaders’ Notes

Grade 3

Module 2

(slide 21) Quick Images in the Classroom
Background: Adults can typically subitize (determine the amount without counting) a collection
of up to five or six.
Tell participant that you are going to show them the slide for about 2 to 3 seconds.
Say: We will follow directions on this slide as we look at Quick Images.
Say: You might ask students to build the image they see, using counters.
Why might you want students to build what they see? Students might also write about what they
see.
(slide 22) Quick Images in the Classroom
Flash for 3 seconds. Click forward.

(slide 23) Quick Images in the Classroom
Ask: Describe what you saw. As participants share their thinking click back to the slide with the
image.
Ask participants: How might “Quick Images” support students understanding of multiplication?
Dot Patterns are designed to encourage students to think of objects as collections rather than
things to be counted. Students need to build mental images associated with numerals and
spoken number words. Unless students learn to think in collections, they will be limited in their
mathematical growth
(Wheatley, 1999)
(slide 24) Quick Images in the Classroom
Show the slide for 3 seconds. Click forward.
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(slide 25) Quick Images in the Classroom
You may want to give a “second look” if participants need it.
Ask participants: How might students’ experiences with ten frames influence the way they see
Quick Images?
“Quick Images” use the constraint of limited time to challenge children who are still counting by
ones to develop other strategies such as skip counting, counting on, doubling, using doubles to
figure out near doubles and making ten.
A set of three to six objects can usually be subsidized or seen as a unit. Students analyze and
describe visual images and develop the ability to form their own images.
In addition to spatial skills, students are developing a sense of groups, quantities in a group, and
ways of combining groups. This activity builds understanding of composite numbers.
Ask: How might this activity serve as an assessment. Use students’ responses to try to gauge the
extent to which the child seems to understand that these are repeated equal groups? What
strategies are used to determine the total?
Quick Images can be used as a Workshop or Center Activity: One student shows the image and
removes it. Other student(s) try to build or draw the image and then explain how he/she saw the
image.
(slide 26) Patterns – Mathematical Idea
Ask participants to read points on the slide.
The next few slides address skip counting patterns.
Each time we skip count, we add another equal amount. Repeated addition creates patterns,
such as twice as many or half as many.
If we know the multiplication pattern in a series, we can predict the next number or any future
number. If we know the relationship, we can compute one number from the other.
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(slide 27) Making Connections (Handout)
Ask participants to find hundred charts in their handout.
Work in table groups:
• Ask each participant at a table to select a different number for shading multiples on a
hundreds chart. (2, 3, 4, 5, 6, 8. 10) Be sure all numbers are assigned keeping distribution of
numbers as equal as possible.
After participants have shaded multiples on a chart
• Ask participants to share patterns of multiples of his/her assigned number with a partner.
(The shaded numbers are the multiples of the factor you skip count by . If you skip counted
by 4s, all shaded numbers are multiples of 4 and 4 is a factor of every shaded multiple.)
•

Ask participants to label his/her chart as multiples of their designated number.

•

Ask several participants to describe patterns they noticed. (whole group) (For multiples of 4,
participants may notice that numbers are shaded in every other column. All multiples of 4
are even numbers. All multiples of 4 are multiples of 2.

Ask: If you are shading multiples of 6 and you shaded 42, how many multiples have you shaded
so far? Explain your reasoning. (connect to division)
Ask participants: Why should students have opportunities to find patterns of multiples?
(Skip counting support students in connecting multiplication to repeated addition; students
become familiar with multiples of numbers. Patterns can support students in making sense of
basic facts as well as to recall basic multiplication facts.
Suggest to teachers, they might continue to work with patterns by using a 0 to 99 chart. Zero is
often ignored in math instruction because it is not a counting number. Students need
opportunities to become familiar with the zero property for multiplication.
How does this activity address different learning styles?
• activity uses numerical patterns,
• shading makes patterns visible
• student discussions become verbal patterns
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(slide 28) Making Connections
Ask participants to look at their multiple charts.
• What type of pattern did you make?
• Represent your pattern with cubes.
(For multiple of 4, cubes might be red, blue, green, yellow and repeat.)
What is your pattern unit? (The unit is the part of the pattern that repeats).
What is iterated in your pattern? (the part of the pattern that repeats)
By numbering cubes with counting numbers, starting with one, we are able to associate
counting numbers with elements of a pattern. We are able to extend a number sequence with a
constant increment, depending on the multiple we select. We can identify multiples of a number
and one more or one less with a pattern unit of 3 cubes.

*** Ask participants to save their cube pattern train for a later activity.
(slide 29) Connecting to Skip Counting
• Ask: Will the 100th cube be yellow? How do you know? (100 is a multiple of 4)
•

What will the 79th cube be? How do you know? (red because the 80th cube will be yellow
because 80 is a multiple of 4 and the red cube is right before the yellow cube.).

•

In the pattern on the slide, what would a function table look like for the yellow cubes?

•

What relationships in the pattern cube train do you find in your skip counting chart?

•

The counting numbers are associated with the elements in a repeating pattern. Using
repeating patterns, students can find patterns in related number sequences.

•

Talk with a partner: Take turns asking questions about the pattern train each of you created.

page 13

2009 Leaders’ Notes

Grade 3

Module 2

(slide 30) Comparing Multiples
• Directions: Participants who colored multiples of 2 should pair with someone who colored
multiples of 4; Pair 5 and 10; 4 and 8; 3 and 6.
•

Partners generate a list of questions they might ask students related to the two multiples they
are comparing. Share in whole group.

Share on next slide.
(slide 31) Patterns on Hundreds Charts
• Ask partner pairs to share patterns they notice with pairs of multiples.
(Much of their conversations will be around idea of common multiples.)
When comparing multiples of 5 and multiples of 10, there are two multiples of 5 for each
multiples of 10.
How can knowing multiples of 10 help students with multiples of 5? (If you know 10 times a
number, then half of the amount would equal 5 times the same number.) It takes 2 jumps of 10
to get to 20 but 4 jumps of 5 ; Multiplying a number by 4 results in a product half as large as
multiplying the same number by 8. Consider the relationship between multiples of different
numbers. Supports ideas of doubling and halving.
•
•
•

Discuss predictions for patterns for multiples of 9.
For 9s, the digits always sum to 9. (8 x 9 = 72 and seven plus two is nine.)
Multiples of 9 are also multiples of 3.

Are all multiples of 9 divisible by three? Why?
Multiplication and division are inverse operations and have inverse relationships.
4 x 3 = 12
3 x 4 = 12
12 ÷ 4 = 3
12 ÷ 3 = 4
Is this true for multiples of other numbers?
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(slide 32) Play Game: Multiple Quick Draw (handout)
Handout for Multiple Quick Draw will include directions.
Model the game. Provide time for participants to play the game.
Ask:
• What is the mathematics in this game?
• Are there any changes you would make in this game?
• How can this game be used for differentiation?
Possible Questions: When counting by 4s you said 24. How many 4s are equal to 24?
When playing by multiples of 5, what do you know about the digits in the ones place? Other
ideas?
This game requires students to be able to generate sequences of multiples both forward and
backwards.
In this game, students are not starting at the beginning of a sequence but at different places
within a sequence.
This game is easily differentiated by providing different multiples for students.
Students use multiples of numbers to develop strategies to think about multiplication
combinations and solutions to multiplication and division problems.
Handout for Multiple Quick Draw will include directions.
Cards can be made for multiples of any number.
(slide 33) Fluency with Multiples (Handout)
Directions: The group will participate in a short version of each “Counting Multiples” game.
Count by 6s. Go over 100. One Leader records multiples as participants count.
• Ask: Table groups to identify patterns in multiples of 6.
• Why is it important to list numbers? (Listing numbers make patterns visible and supports
students in connecting “counting by “ numbers to skip counting charts and to multiplication.
Creating a list of multiples also helps students keep track.
• (You can also do the “count by” activities without recording. The activities are appropriate
when students have to wait in line or have to wait for lunch etc.)
• Alert participant to Handout in Leader Notes.
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(slide 34) Fluency With Multiples
• When using “counting by” or “counting around” activities, what are questions you might ask
about factors and multiples?
• When we count by 3s, what is the name for all of the numbers we are saying? – multiples of
3
• What number is a factor of all of these numbers? (3)
• Ask: What understandings are developed through “counting” games? (Relationship of
division and multiplication; doubling, halving, estimation
• Ask whole group to generate numbers to count by and give reasons for their selection of
numbers. multiples of 2-10, 25 cents, 50, 100, ½
Counting Around the Class is designed to give students practice with counting by many different
numbers and to foster numerical reasoning about the relationships among factors and their
multiples.
Students focus on:
• becoming familiar with multiplication patterns
• relating factors to their multiples
• developing number sense of the inverse relationship of multiplication and division
(slide 35) Big Idea
Ask participants: Talk with a partner about the following questions?
• What might students do to let you know they have fluency with multiplication?
• What might students do to let you know they do not have fluency with multiplication?
• Ask participants to share what it means to be fluent with multiplication?
• Students achieve computational fluency using a variety of methods and should be
comfortable with more than one approach.
• Students use properties of multiplication to access facts efficiently. Knowing the basic facts
for automaticity relies on thinking and knowledge of number relationships.
• Ideas: knows basic facts; able to decompose factors as needed to solve problems mentally;
multiple ways to access multiplication facts; understands relationship of multiplication and
division; able to create contextual problems for multiplication facts; creates a variety of
representations for multiplication situations
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Students should have opportunities to invent strategies for computing using their knowledge of
place value, properties of numbers, and the operations.
Students need to be fluent in mental math, paper and pencil methods and be able to use
technology such as a calculator or computer programs.
(slide 36) Number Lines For Multiplication
• Say: A number line reveals the measurement aspect of multiplication and is a distinctly
different representation of multiplication. Students’ early strategies with multiplication
generally represent repeated addition and skip-counting strategies. The number line offers a
very different representation for multiplication.
• Ask: If a rabbit jumps by 4s and lands on 16, how many jumps did the rabbit take? Explain
different ways to think about this question? (missing factors which is division)
Optional (if time)
Directions: Ask participants to find the pattern train they built from cubes in an earlier activity.
Draw a number line to show the sequence of your cube train pattern. Continue the pattern. Write
an equation and model it on the number line.
(slide 37) Equal Groups on a Number Line
This number line doesn’t include all of the numbers and is easy for students to sketch using their
knowledge of skip counting by multiples of a number.
• How might this number line be used to solve 20 ÷ 5 ?
The number line model supports automaticity of the basic facts.
(slide 38) Equal Groups on a Number Line
• How might doubling be represented on a number line? Doubling is an important strategy for
developing fluency with multiplication facts.
• How might number lines be a tool for developing ideas for the Commutative Property of
multiplication?
3 x 5 =5 x 3
How does understanding the Commutative Property support fluency with basic facts for
multiplication? (Students may not be able to figure out 8 x 3 but can access the product for 3 x
8)
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(slide 39) Number Lines – Visualizing Groups
Using measuring tapes and cubes, ask participants to solve the problems on the slide. Ask
participants to generate questions in their groups.
Share: What mathematical ideas does this activity develop for students? (connects to division
when the product is known and one factor is missing) Builds understanding of counting by
equivalent groups
(slide 40) Arranging Stamps
• Ask participants to work in table groups and follow directions on the slide.
• Ask: How do your arrangements support understanding of the commutative property for
multiplication? What do all of your arrangements have in common? Are there any other
arrangements possible using whole numbers? Explain. (With lots of experiences, students
begin to move through their investigation of factors in a more systematic and strategic way.)
Questions we might ask students:
• How can you know that you have found all the arrays for a given number?
• What true statement can you make about the relationship of the dimensions of the array and
the number of tiles in the array?
Seeing a visual of multiplication concepts supports students in developing an understanding of
multiplication. Students can picture members in a marching band arranged in equal rows, chairs
set up in rows or an organized way to plant a garden or flower bed.
An array is defined as a rectangular arrangement of objects, pictures, or numbers in equal
columns and rows. When equal groups are arranged in equal rows, an array is formed.
• Depending on time: Trace each arrangement on grid paper to create a rectangular array.
Label the dimensions of each array. 1 x 24; 2 x 12;
• 3 x 8; 4 x 6; 12 x 1 (reverse is also possible)
• Ask: Which skip counting charts would have 24 shaded as a multiple? (2, 3, 4, 6, 8 , 12, 24)
• When learning multiplication facts, what facts result in a product (answer) of 24?
1, 2, 3, 4, 6, 8 ,12 and 24 are the only factors of 24. (whole numbers)
•

Encourage students to use the terms “factor” and “product” when learning multiplication
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combinations but accept their “informal language” as students need to use their language as they
are making sense of multiplication.
Why have students build arrays for numbers? (Through building arrays, students find the factors
of given numbers; the commutative property becomes visible.)
(slide 41) Array – a visual model
An array is a rectangular arrangement that shows multiplication and division relationships.
Tell participants: The array model should be introduced after students have experienced other
models such as skip counting charts and other models. Research by Battista (1998) suggests that
this model is often difficult for learners to understand because the ability to coordinate rows and
columns simultaneously requires a substantial cognitive reorganization-and thus an
understanding of arrays itself goes through successive stages of development
Ask: Where are arrays found in our environment? (floor tiles, cubbies, game boards, arrangement
of drinks or water in cartons, etc.
Suggest: Take students on an array hunt around the school. Set up an array museum in your
classroom. (egg cartons, hundred chart, checkerboard etc.)
Students can connect the array to equal groups by pointing out the number of rows and number
of columns.
(slide 42) Problem-Solving with Arrays
• Using rectangular arrays for quick images is a way that might “push” students to begin
tothink multiplicatively.
• Have participants work with a partner to solve the problem on the slide and then share their
solutions (there will be multiple ways of solving).
• Discussion is an integral part of this activity. As students try to make sense of the ways
others see the arrangement of dots, they are challenged to coordinate the units in the array
model.
• Seeing 4 groups of 5 is not the same as seeing 5 groups of 4. These are complementary
views and require us to think of a particular dot as being part of a group of five and a group
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of 4. (Wheatley, 1999).
Where might you find the particular dot? (corner)
Marvin’s problem asks that we determine the number of dots when there is one more row and
one more column. A correct solution involves the coordination of rows and columns which
requires multiplicative thinking. We must consider the overlap of the new row with the new
column which have a dot in common. (10 more dots)
After showing a Quick Image of an array, pose questions similar to Marvin’s problem of an
array to support students in coordinating rows and columns when thinking about the product or
area of an array.
(slide 43) Arrays – Represent Groups and Number in Each Group
• Ask participants to describe ways the array model can support students with multiplication
and division.
• Where are the factors? product? divisors? quotient? dividend?
• With a partner, identify different strategies students might use when solving problems using
the array model. Share.
When students skip count by rows or by columns, are they using additive reasoning or
multiplicative reasoning? Explain.
If students use doubling and halving strategies, are they using additive reasoning or
multiplicative reasoning? Explain.
(An array is an arrangement of rows and columns. The number of squares forming the array
refers to the product which is the area of the rectangle. The length and width of the rectangle is
one pair of factors. In grade 4, students will learn that the sum of the 4 lengths of a rectangle is
also the perimeter of the rectangle. )
• Ask: How does the array model make the commutative property visible?
• (answer will be on next slide)
Arrays allow us to visualize multiplication relationships. The concept of multiplication requires
coordinating the elements in the rows with the elements in the columns. Using arrays provides a
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good foundation for developing multiplicative reasoning (Wheatley, 1999).
Slide 44) Commutative Property: a x b = b x a
This is sometimes expressed as follows: For any two numbers a and b, a x b = b x a.
• Say: Talk with a partner about examples of ways the Commutative Property might support
fluency of basic facts?
To figure out 9 x 7, many third graders use the commutative property (7 x 9) and the known fact
of 7 x 10 and then subtract 9 to find the product.
Arrays are ideal for demonstrating the Commutative Property for Multiplication.
In multiplication, commutative refers to the principle that when any two numbers are multiplied
they can be multiplied in either order without affecting the answer.
Students should not only be aware of this principle but should be able to use this principle
flexibly.
(Math Talks using Arrays, Quick Images and number facts can be used to engage students in
using this property.
(slide 45) Arrays – Represent Groups and Number in Each Group
Answer questions on slide.
What are the characteristics of an array?
What multiplication sentence describes the array? (4 x 5 = 20)
Connect the numbers to the array.
What happens if you rotate the array, making a 90 degree turn?
What multiplication sentence describes the array? 5 x 4 = 20.
Why doesn’t the product change?
What division equation describes the array? 20 ÷ 4 = 5 or 20 ÷5 = 4.
Connecting the numbers to the array using the context of flowers, stickers, or stamps, tell a story
problem for each division equation.
Students can use known facts of 2 x 8 to solve 8 x 2 or 7 x 9 to figure out 9 x 7. Students will
often have different “known facts” based on strategies and understanding.
Ask participants, “How does the array on the slide illustrate?”
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(slide 46) Connecting to Factors
Ask participants to pair with a partner. Distribute different numbers from 2- 40 (depending on
size of group). Create a poster with arrays for your number.
• Show model of poster for number 24 with arrays cut out and labeled.)
• Include the following numbers in those you distribute. 11, 9, 25, 23, 36, 12, 4, 21, 27, 31, 30
Ask: What is the mathematics in this activity?
What vocabulary words are made explicit?
Participants should find all possible arrays for assigned numbers.
Note to Leader: Don’t spend too much time on this activity. Be sure that participants cut out
enough arrays to get the idea.
This activity generates many number patterns and deepens students’ understandings of factors,
multiples and products as well allowing them to become familiar with prime, composite and
square numbers.
In the classroom, students will use tiles or cubes to build arrays for their numbers. Students
draw different arrays for each number on grid paper (1 inch or 2 cm grid paper) and cut out each
array. Students make a poster for each number (11 x 17 paper). The title for each poster will be
the number. Tape or glue each array for the number on the poster. Label the dimensions of each
array.
Which numbers have the most rectangles?
What kind of numbers are these? (composite numbers)
Which numbers will have the fewest rectangles?
What kind of numbers are these? (prime numbers)
How might students use the rectangle models for a number to list the factors of the number?
What would be an example?
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(slide 47) Finding 7 x 8
Ask: Who has a way to figure out the number of squares in a 7 x 8 array?
• How can decomposing one or both factors support students in becoming fluent with some of
the more difficult basic facts?
• What question would you ask students to lead them to the idea of decomposing arrays?
Possible Questions: Who has a way to figure out the number of squares or the products in a 6 X
7 array without using skip counting by the number in each row or skip counting by the number
in each column?
• Focus students on the strategy of using familiar combinations or known facts to determine
the number of squares in an array.
If students do not come up with this idea, ask whether they can see smaller arrays in the larger
array? What do you see that you already know? Are there multiplication combinations that you
know?
(slide 48) Distributive Property of Multiplication Over Addition a(b + c) = ab + ac
• This is one of the most important ideas about multiplication
The distributive property is the reason that the standard U.S. algorithms for multiplication and
division work and its use for mental arithmetic is powerful as well.
Read points on the slide. Mentally save 6 x 8 in a different way than the solution on the slide.
Use the distributive property. (Solution might be: 6 x 8 = (3 x 8) + (3 x 8)
•

How might you use the distributive property to multiply 3 x 58? Possible solution(3 x 50) +
(3 x 8)

Students need many opportunities to explore arranging and rearranging factors in problems, in
order to develop the idea of the distributive property
Ask participants to compare 3 x 58 to the Standard U. S. algorithm. Share in table groups.
Ask: Share how the distributive property is used in your solution using the traditional U. S,
algorithm.
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The particular numbers involved in a calculation determine when it makes sense to use the
commutative, associative, or distributive property or some combination of them.
(slide 49) Arrays as Flash Cards
• Ask: What would be an advantage of using arrays as flash cards?
(Students might count by ones, groups, doubles as well as partitioning the array to find solutions
to facts they don’t know. )
On the back of the array, write one of the factors near a side and your initial on the other side.
Students can also make flash cards by taking an index card and recording the number
combinations they do not know. Students record strategies they understand that will assist them
in finding the product.
Use Flash Cards to play: Missing Factors Game (See Handout)
(slide 50) Array Model
8 x 12
• Say: Discuss the question on the slide with a partner. What is the meaning of each number?
The partial products shown in the array can be found in the traditional algorithm.
•

Ask: When using the traditional algorithm, why might we encourage students to show the
partial products?

• Does order matter in either model? Why? (commutative property)
Point out that even if regrouping is used to add a ten, the product remains the same.
12
x8
80
16
96
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(slide 51) Tiling Patios – Handout
• Refer participants to handout for the game and game directions.
• If time, play the game briefly.
• Ask participants to answer questions on the slide.
What mathematics do you need to know to play the game?
What understandings does the game build?
How is problem solving built supported by this game?
If you could rewrite the rules, how would you change them?
In the classroom, Ask students to write about their strategies or write about the questions on the
slide.
(slide 52) Patterns and Relationships
Handout: Multiplication Table
Directions: Tell participants to:
• Use color pencils to highlight the factors both vertically and horizontally.
• Label the left side rows and the top columns. (This is for convention purposes which will
help facilitate discussions.)
• In groups or with a partner, identify patterns found in the Multiplication Table.
• Is there a connection to the skip counting charts?
• How does the table illustrate the commutative property?
• Using the table, how might students show that division is the inverse or opposite of
multiplication? (Ask questions like 4 x ? = 24. Fact families can be illustrated: 3 x 8; 8 x
3; 24 ÷ 4 = 8 24 ÷ 8 = 4
Big Idea: Using the commutative property, students should understand that the commutative
property shows why they only need to learn half of the facts to know all of the facts. (One
curriculum refers to the “turn around facts”).
Students might tape a completed multiplication table in their notebook or a journal so it is easily
accessible. Using the multiplication table as a model or tool provides students with
opportunities to search for patterns and relationships.
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Students may need assistance in identifying factors and products.
When playing games, students should use the completed multiplication table as needed. (Playing
games provides students with an opportunity to use multiplication combinations. If students do
not know all of their combinations (facts), please allow them to play games, using the
multiplication table as a tool.)
As students are understanding and applying basic number combinations, have each student
complete a multiplication table together. This will reinforce the power of using the commutative
property. Students will need to be reminded often, by questions posed by the teacher or other
students.
(slide 53) Exploring Patterns
Ask participants: What is the sum of the digits in the number 18? (9)
Continue with 21 ( 2 + 1 = 3)
• With a partner, complete the next 5 numbers.
• Describe the pattern you see?
• What conjecture might you make about products derived from multiplying by 3s?
• Does this pattern work for larger products?
• Are there other numbers whose products have the same pattern?
Explain how the pattern is used as a divisibility rule when dividing by 3. (products whose digits
sum to 3, 6, or 9 are divisible by 3)
Look for patterns in other numbers or ask participants to share patterns that students can
investigate. (The pattern is true for products when multiplying by six.
Explore summing the digits for products of 9 times a number.
(slide 54) Explore Even and Odd Products (Handout)
Show the slide. Tell participants, they will find more details in a handout.
(Move to next slide.)
Ask participants to test out this idea with a pair of dice.
Answer questions on the slide.
Leader information:
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When using two 1-6 dice, two-thirds of all products are even.
Why? E x E = E
ExO=E
OxO=O
Refer participants to handout.
(slide 55) Fluency With Multiplication Combinations (facts)
Ask: Why is it so important that students have fluency with multiplication combinations?

(slide 56) Strategies for Multiplication
Tell participants: Strategies for combinations are based on relationships.
Ask participants if they have other strategies to share.
Talking points below:
• Strategy practice must directly relates to one or more number relationships.
• “A strategy is most useful to students when it theirs, built on and connected to concepts and
relationships they already know .”(Van de Walle).
• Fluency means that combinations are quickly accessible mentally, either because they are
immediately known or because the calculation that is used is so effortless as to be essentially
automatic.
• Relational thinking supports automaticity as students have fewer facts to learn.
Stress the point below.
• Developing fluency requires a balance and connection between conceptual understanding
and computational proficiency (NCTM 2000).
(slide 57) Research Shows ….
When students become fluent in procedures based on sound number sense and knowledge of our
base ten number system, they will be able to solve problems successfully. Different students
may develop different procedures and these same students may use different procedures
depending on the numbers and the problem. We want students to be able to figure out how
much they will spend on several items, estimate gas mileage, etc.
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(slide 58) Problems in Context
Students’ solution strategies provide information concerning their number development,
knowledge of basic facts and methods they use for multi-digit computation. (need 4 more packs
of pens) (4 packs of 4 and 1 pack of 2; 6 packs of 3; 9 packs of 2; 2 packs of 4 and 5 packs of 2;
etc.)

(slide 59) NCTM Process Standards
Ask participants to reflect on process standards used in this module.
Ask participants to share a few thoughts.
The Process Standards refer to the mathematical processes through which students should
acquire and use mathematical knowledge. The five Process Standards should be seen as integral
components of all mathematics learning and teaching.
(slide 60) Representations
Many types of representations are used in mathematics:
What representations have we used in this module to support understanding of multiplication
and division? Examples are:
• Games
• Tables (function)
• Patterns - Hundred Charts, Cubes
• symbolic equations or expressions
• physical or pictorial pattern
• Arrays (physical and pictorial)
• Pictures
• other
Helping students see the connections among those representations is important. As participants
work on the next task, ask them to think about the types of representations they use and how
they are connected.
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(slide 61) Communication
Ask participant to read over some of the goals from the Communication Process Standard form
PSSM. Share strategies which engage students in this process standard.
• Why should this standard be an explicit component of your math class? (Students
misconceptions and understandings related to concepts, symbols, language and skills. For
assessment and planning)
(slide 62) Making Connections
Answer questions on slide. What mathematical connections do you want third grades to make
around ideas of multiplication and division? How might students apply ideas out of the context
of mathematics?
• Another process standard is making connections. What connections have we made among
strands in other areas of mathematics? Geometry, algebra, measurement and other areas of
number
• Think about connections across grade levels. What activities in this module build a
foundation for in upper level mathematics?
(slide 63) Essential Standards
Ask participants to look at essential standards addressing multiplication.
Tell participants that essential standards for multiplication and division are also addressed in
Module 7.

(slide 64) Multiplication
Point out that traditionally multiplication instruction has focused on children memorizing their
multiplication facts and practicing traditional algorithms. It is critical that teachers spend time
developing the meanings of multiplication rather than focus primarily on memorizations of facts.
Fluency with multiplication develops as students explore multiple perspectives – geometric
(arrays), numerical, and real-world contexts to provide a shift towards a broader view of
multiplication and a more active approach to learning.
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(slide 65) Quote
 Our greatest natural resource is the minds of our children." –Walt Disney

(slides 66-69) Credits
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