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General Materials and Supplies: large white paper; scissors; index cards
pattern blocks, two color counters; models of fraction strips; geoboards; geobands; color tiles; cards and game boards for Hexagon
Cookie game.
Handouts: Squares; Brownies (4 different colors); Directions and Cards for Hexagon Cookie Game; Geoboard Activities
Slide

Tasks/Activity

(slide 1) Partners for Mathematics Learning Module 4
This module focuses on fractions. There is a great deal of information in these leaders’ notes that
all presenters need to be thoroughly familiar with as you lead discussions about the pictures and
statements on the slides. Please do not read to participants from the leaders’ notes; rather, be
prepared to share information as appropriate in workshop conversations.
(slide 2) Numbers Less Than One as Well As Numbers More Than One
Move through slides 2-3 quickly. Read leader notes ahead of time and decide information to
share based on response of participants.
Ask participants: What experiences allow students to discover these numbers? Share a few.
This is an opportunity for teachers to reflect on experiences - not have a discussion).
Ask participants: What is a fraction? A fractional quantity is designated by two counting
numbers in relation to each other and in relation to a given whole. A fraction is a rational
number and can be expressed as a ratio.
Say: Students need both procedural and conceptual understanding related to fractions.
It is this relational thinking that makes fractions difficult. Understanding requires quantitative
reasoning. Fractions always relate to a whole; that is ½ is one of two equal parts of a given
whole. (area, linear, or set model)
• Every fraction is a single quantity (as represented on a number line).
• A fraction can be added to other numbers (or subtracted, multiplied, etc.).
• Fractions show a relationship between two numbers (part to whole or part to part)
• Fractions can be operators (fractions as division problems)
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Ask: Can anyone give an example of a situation where a fraction is greater than one? (Judy has
3/2 donuts left in the box. This fraction can be renamed as 1 ½.)
(slide 3) Fractions: Reasons for Difficulties
Ask participants to read points on slide.
Say: Researchers have concluded that this complex topic causes more trouble for elementary and
middle school students than any other area of mathematics (Bezuk and Bieck 1993).
Notes: Below are important comments: Share any that participants do not address.
• Students draw on experiences and prior knowledge. In primary grades, students have been
counting the number of wholes. In fractions, we're asking students to count equal parts of a
whole.
• Students have spent years developing a conceptual understanding of whole numbers where 4
is less than 6. However, when comparing the fractions 1/4 and 1/6, children find that 1/4 is
larger than 1/6.
Students need many experiences to make sense of fractions.
• The notation of a fraction has two whole numbers divided by a line which is very different
from anything students have seen. This notation for a fraction involves writing two whole
numbers and many students focus on these two numbers and not the single quantity
represented by a fraction.
• When students see 2/3, they must think about the 2 and the 3 separately as well as how the
two numbers are related. Understanding the relationship of the 2 and the 3 involves
proportional reasoning. The size of a fraction is always in relation to the whole.
Other Reasons Fractions are Difficult:
Students are moved too quickly to procedures and rules without conceptual understanding of
fractions. In grade 4, students extend their work with rational numbers to decimal fractions.
Many students make connections within the context of money (1/4 of a dollar is $0.25) but need
a variety of realistic situations.
In the set model, the whole is understood to be a set of objects and subsets of the objects make
up fractional parts. If there is a set of 8 objects, the eight objects represent the whole or one.
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Again emphasize that students must engage in quantitative reasoning.
If participants need an example of proportional reasoning, point out that slices of pizza may not
be the same size unless each whole pizza is exactly the same size. It might take 2/4 of a small
pizza to equal 1/4 of a large pizza.
(slide 4) Fractional Notations
 Tell participants: This slide represents three distinct meanings for fractional notation for
elementary students. There are other meanings for fractional notation.
 Ask participants to:
Discuss each meaning with table members.
Provide a context for each example.
Say: The Essential Standards uses the term equipartitioning (fair sharing). Which of these
meanings for fractions models equipartitioning?
The region model might represent a candy bar shared equally into 5 pieces. Therefore, the
fraction naming the red parts 3/5 might represent three out of 5 pieces were eaten. What is the
unit fraction? (1/5) Three out of 5 pieces were eaten.
The fraction 3/5 may also be represented as 3 ÷ 5. This represents the idea of fair sharing (or
equipartitioning) which very young children understand and use. The context might be 3 candy
bars shared equally among five people. Each person would receive 1/5 of each of the 3 candy
bars. (Smith 2002) discusses that it is important to see the bottom number as a divisor and the
top number as the multiplier.
For the ratio model where we have a set of shapes, we might describe the relationship as 3 to 5
or for every 3 hearts there are 5 circles. For 6 hearts there will be 10 circles. This is an example
of a ratio that compares one part of a set to the whole set using a part-to-whole relationship.
How might we describe the fractions that are generated? 3/5; 6/10;
fractions)

9/15 (Equivalent

All fractions are ratios but all ratios are not fractions. For example: ratios may compare children
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to adults at a family gathering which is a comparison of two numbers.
(slide 5) Models for Fractions
Ask participants: Identify the unit fraction for each example. (Unit fraction of set model is 1/8
and the area or region model has a unit fraction of 1/3.)
Ask participants to: Explain discrete models or set models. (“Set model” is the term usually
used with students. The objects or members of the set are discrete and are not subdivided or
partitioned. In this set of 8 objects, the whole is 8 or 1 set. The set has been partitioned or
subdivided into 8 equal parts. Three of the parts are yellow.)
If we ask, what part of our group is wearing glasses, all members of the group are discrete
objects and are considered as the whole or 1 group. If 1/2 of the group is wearing glasses, we
don’t know the number wearing glasses without knowing the total number in the set.
An example of a discrete model for fractions is a set of objects. Each object in a set is treated as
a whole and thus all objects are referred to as discrete objects. When we make thirds of a set of
9 marbles, there are 3 marbles in each set. Can we subdivide a set of 9 marbles into fourths?
(No. Therefore, we cannot have ¼ of 9 marbles.)
One-third is the unit fraction for the continuous model. The common language is the “area
model”. A continuous model like brownies or a sheet cake can be partitioned into equal parts
but the counters in the set model cannot be split apart.
Ask: Are measurement models continuous or discrete? Explain.
Units of measurements are continuous models because the amount of meters, feet, pounds, liters,
miles, kilometers, etc., can be subdivided. For example, when we make one third of a liter or
gallon of lemonade, we mentally partition the unit in 3 equal parts and we have 1/3 of the whole.
What does it mean to have equal parts of something?
How might students think about equal parts of continuous models? (amount or area of
something)
For discrete models? (number)
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(slide 6) Fractions as Values on a Number Line
Which of these shows ½ and why?
Think about the models (discrete, area) we have discussed so far. How does that compare to
fractions as they are placed on a number line?
• Number line is continuous
• Fractions on a number line are always using 1 as the whole. ½ is a single point between
zero and one. 1 ½ is between 1 and 2, 2 ½ is between 2 and 3. This is a different way of
thinking than half of 4.
• Which value is greater ½ or 1? How do you know?
• The number line is used to show equivalence of fractions as well as understanding
fractions as values.
• The rectangle on the slide has been divided into two equal parts. Area model is
continuous
• Counters are discrete so 1/ 2 of the counters would be 2 counters.
No wonder fractions can be confusing! One way to help students think about such abstract
differences is making connections among the representations, but in comparing representations
we need to be sure we aren’t adding to the confusion.
(slide 7) A Fraction …
Ask: Why is knowing the whole so important as students develop understandings of fractions?
A fraction is a number that expresses part of a whole. Children develop beginning concepts of
fractions at a relatively early age. They understand “half of it” as something less than a whole,
but they may not understand one half as the name of one part of something that has been divided
into two equal parts.
The amount of something that can be described as “half” depends on the size of the whole.
When comparing fractions, the fraction which represents a greater part of the whole is the
greater fraction.
The more parts made out of a whole, the smaller the part (compensatory principle). Think of this
in terms of sharing the same size pizza with 8 people or 16 people.
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(slide 8) Estimate the Sum
Discuss questions on the slide at table groups or with a partner.
Share ideas
This question was presented to 13 year-old students. NAEP (National Assessment of
Educational Progress) is the only national test in which students from all states participate.
NAEP is in grades 4, 8, and 12.
(slide 9) Concepts Are Not Well-Developed…
Ask participants how students might have gotten those answers?
NAEP (National Assessment of Educational Progress) question: Students most often chose 19
or 21. Using whole-number addition, students added only the numerators or only the
denominators. Students were not able to think of each of these numbers as being close to one
and thus missed the correct estimate of 2.
They do not understand that the symbol 3/4 also represents a single number with a unique value.
(slide 10) Part–Whole Fractions
It is important that students know that equal means each person gets exactly the same amount.
For discrete (SET Models), equal means the number of objects are the same, even if the size of
the objects are not the same. For continuous or area models, this means the amount is the same
even if the equal shares are not congruent. (These ideas will be addressed in detail throughout
the module.)
(slide 11) Part–Whole Fractions
A fraction can be interpreted only in relation to a whole.
The whole can be a unit or a group of objects. In this situation, the unit is a candy bar.
Ask participants to choose by a show of hands which candy bar they would like to have half of
and ask someone to explain their reasoning (having actually candy bar wrappers would be a nice
visual.)
Ask participants how this demonstration would help students develop an understanding of the
importance of the whole.
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(slide 12) Part–Whole Fractions – Area Model
In this context; ½ means one of two equal parts that make up one whole. However, although ½
can represent many different quantities, depending on the size of the whole; ½ has the same
relationship to any whole. It is one of the two equal parts that compose the whole.
In part-whole situations, equal fractions of a whole are equivalent in size. When partitioning
something into halves or into fourths, the area of the candy bar is partitioned into equal parts.
•

Key Idea: A fraction does not give any information about the size of the whole or the size of
the parts. A fraction only tells about the relationship between the part and the whole.

To compare fractional parts, the whole must be the same size but doesn’t have to be congruent.
Say: With a partner, decide on a context you would use to elicit this kind of thinking with
students? Share a few ideas with the whole group.
(slide 13) Fractions of a Square
Refer participants to handout of squares.
Directions: Participants will need equal size squares for this task.
Ask participants to describe the 3 squares on the slide.
As a group divide other squares into 8 equivalent parts in different ways.
(slide 14) Brian’s Fractions of a Square
Ask: Are all of Brian’s solutions correct?
With a partner, select one of Brian’s solutions and find a way to prove whether or not all shares
have equal area. (Be sure someone discusses Brian’s last square.
Ask: What conjectures can you make about equal shares of the same whole?
Explain that a conjecture is a rule or an idea that needs to be tested (similar to a prediction in
reading or a hypothesis in science). It may or may not be true, but it is a statement that could be
shown to be true or false.
How might you convince someone that your idea is correct?
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Generate conjectures in table groups. Record. Share.
This activity is a very powerful example that provides an opportunity to justify the idea that
different-shaped pieces that are the same fraction of the same area have equal areas.
Participants will review this idea several times.

Ask: What might be a convincing argument from third grade students?
(slide 15) Part–Whole Fractions
To understand what two-thirds means, we must be able to clearly identify the whole.
How big is the carton of milk?
Is 2/3 of a gallon the same amount as 2/3 of a quart?
What is the unit fraction?
(slide 16) Classroom Conversations
When using pattern blocks for fractions, if the hexagon is ALWAYS the “whole”, students may
see the other shapes as fractional parts of the whole. It is a good idea to use other pattern blocks
as the whole.
Using pattern blocks, when is a triangle 1/6? 1/3? 1/2?
• In discussing fractions, one must always know what represents the whole. For example, 2/3
= 4/6, is a true statement if the same whole is being considered. When using pattern blocks,
the green triangle is 1/3 if the red trapezoid is the whole, but it is 1/6 if the yellow hexagon is
the whole. The blue rhombus is 1/3 if the hexagon is the whole.
• The fraction 1/3 means one out of three equal parts, but a one-third may be larger or smaller
in size of number or length depending on the identification of the whole.
• One reason for students’ difficulties in solving word problems involving fractions may be
related to failure to understand what the whole is in the context.
• Students are moved to numbers too quickly. When solving numeric problems with fractions
students may only use the “unspoken” assumption that the whole is the same in “naked
number” situations (such as 2/8 = 1/4 or 1/2 + 3/4). Students need numerous opportunities in
a variety of contexts to reason about the whole in story problems, contextual situations as
well as in real-life situations.
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(slide 17) Making Sense of Fractions
Ask: What is a unit fraction. Talk to a partner. Share.
• Be sure participants understand the term unit fraction. Unit fractions have a numerator of
one. Only one equal part is considered out of equal divisions of the whole.
• The denominator describes the equal-sized pieces. The numerator counts the number of
equal-sized pieces being discussed or selected.
Ask participants: What principle is illustrated by the last bullet on the slide?
Compensatory principle: There is a relationship between the size of the unit and the number of
units needed. (The larger the unit, the fewer needed; the smaller the unit the more needed)
(slide 18) Summarizing Unit Fractions
The examples on the slide are Part-Whole fractions using a region or area model.
For a unit fraction, the denominator communicates how many equal-sized parts the whole is
divided into. The unit fraction identifies one part of those equal-sized parts.
Ask participants: If the hexagon is the whole, what fractional part of the hexagon is the green
triangle? red trapezoid?
Ask participants to name the fractional unit of other models on the slide. Describe the number of
equal parts that are shaded?
What can you say about the circle? (has not been partitioned equally and can not be described
using a unit fraction.
Area or regional models (and continuous models such as liquid in a test tube) represent
equivalent portions. In area models, the regions must be the same size, but they do not have to
be congruent.
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(slide 19) Sharing Equally Using Area Models
Refer participants to handout of Large Brownies.
To begin have each table cut out examples of sharing.
Tell participants we are going to model an activity that can be replicated in any third grade
classroom.
As you work through this activity, think about how you might pace this activity in a classroom.
Give participants 7-8 paper brownies of different colors.
 Ask participants to follow directions on the slide.
 Note: Say: As a table group find three different way to partition one brownie into 2
equal shares.
Ask: How might cutting brownies give students a sense of what is meant by equal parts of a
whole?
Equipartitioning or sharing equally is very natural for young children.
Starting with fair shares provides opportunities for students to discover that fractional pieces do
not have to be congruent but do have to be equivalent in size.
Ask: How might students prove different shapes of one half of a brownie are the same size?
• A big idea: Equal pieces of the same whole do not have to be congruent, only equivalent.
(Congruent means equal area and the same shape.) The same-size fraction of a whole can be
shaped differently.
• Stress that equal parts of a whole always have the same area when we are referring to area or
regional models of equivalent wholes.
• When proving equivalence, compensation may be involved. (What you gain in one place,
you must lose in another.)
Ask: Why is 1/2 a unit fraction?
The share of the brownie that each person gets is one half which means one out of two equal
parts that make up one whole. One half is a unit fraction because it is a single fractional unit.
• Starting with fair shares provides opportunities for students to discover that fractional pieces
do not have to be congruent but do have to be equivalent in size. Students are less likely to
throw parts away or move easily to congruent pieces.
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(slide 20) Understanding Fraction Symbols
Ask participants to read the points on the slide.
When thinking about brownies, how would you want students to describe what the fraction 1/2
means?
Why is it important for students to use models and words as well as fraction notation?
Again, reinforce that students often see the numbers as two whole numbers. Each person’s share
of the brownie is written as 1/2 using fractional notation and one-half using words.
What does the top number tell us? We have one part of the brownie.
What does the number on the bottom number tell us? The brownie has been partitioned into two
equal parts called halves and halves are being counted.
If the whole brownie is partitioned into two equal parts and you have one of the parts, you will
have 1/2 of a brownie.
(slide 21) Finding Equal Shares
Tell participants that the same activity can be continued by asking students to share the brownies
with three other friends. You will not have time for them to do the activity today, but have the
participants read through the questions and think about the responses.
Answers for bullets: 1/4, 1/2, 0/4 Note: Students should have opportunities to consider zero
parts of a whole.
Examples of Relationships for halves and fourths.
1/2 > 1/4
1/4 < 1/2
2/4 = 1/2
3/4 > 1/2
4/4 = 2/2
Two fractions are equivalent if they are representations for the same amount or quantity.
Children need opportunities to create equivalent fractions from physical models, drawings and in
a context. Students need many opportunities to identify and prove relationships of smaller or
larger fractional parts resulting from equipartitioning.

page 11

2009 Leaders’ Notes

Grade 3

Module 4

(slide 22) Understanding Fraction Symbols
Ask:
 When beginning with a fair-sharing (equipartitioning) context, how might students make the
connection to multiplication and division?
 When one brownie is shared among 4 people, the brownie is equally partitioned or divided
into 4 equal parts. Each student receives one of the equal-sized pieces.
 Bobby’s sandwich was divided into four equal parts. Each part is one-fourth or one of the 4
equal parts. Bobby ate 3 of the parts. The numerator acts as a multiplier and shows that
Bobby ate 3 times 1/4 of the sandwich.
(slide 23) Finding Equal Shares
Ask participants to think of questions they might ask to assess students’ understandings of
fractions as well as why these relationships exist.
•

•

Prove equivalent relationships of 1/2 = 2/4 = 4/8
1/4 = 2/8
3/4 = 6/8
How do equivalencies represent the compensatory principle? (It takes more equal shares of a
brownie or a pizza cut into eight pieces to be the same amount as a share of a brownie or
pizza cut into 4 equal pieces.
The smaller the share, the greater the number of shares needed to be equivalent to a larger
share.

Ask participants to generate a list of questions they might ask to guide student thinking around
comparisons of fractions. Encourage participants to use >. = and < symbols with models and
drawings.
Ask questions like: How do you know that 2/4 is equal to 4/8?
• When describing equivalences be sure to use language that will help make sense of
fractional relationships.
If you have a square cut into 3 parts and you shade 2 of the parts, that would be 2/3
shaded. If you cut all 3 of these parts in half, that would be 4 parts shaded and 6 parts in
all. That’s 4/6 but it is the same amount as 2/3.
Students should explain that one fourth of a brownie is the same amount as 2 eighths of a
brownie. One fourth of a brownie is one share and 2/8 is cut into two smaller shares that
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equal the ¼ brownie. Students may have difficulty folding or equipartitioning a brownie
into thirds.
When working with students, you do not want to cut all of the fractions in the same day. Save
the thirds and sixths until students understand halves, fourths, and eighths. Students might also
divide fifths and tenths. Tenths relate to fractional parts of a meter stick and fractional parts of a
decimeter.
(slide 24) Ordering Brownie Shares
• In table groups, cut and label one share of each brownie (half of a brownie, a fourth of a
brownie; continue with eighths, thirds, and sixths.
Ask: Why are each of these brownie shares labeled as a unit fraction?
Draw a number line on a large sheet of paper. Use a marker to write benchmarks: 0, 1/2, and 1.
•

Place each brownie share (brownie that represents 1/unit) on the number line. How might
students convince you that the order of the shares is correct?

What questions might you ask students?
• Cut index cards into fourths. Replace the brownie squares with fractional notation of unit
fractions (1/2, 1/4, 1/8, 1/3, and 1/6).
Pose the following problem: Max has 3/6 of a brownie but John has 2/4 of a brownie. Who has
more? What do we want students to understand? (If you have a brownie cut into 6 pieces and
give Max three of the pieces and you cut another (same size) brownie into 4 pieces and give
John 2 pieces both boys have the same amount of brownie.) If a brownie is cut into 6 pieces and
Max has 3 of the pieces, Max has ½ of a brownie. If John has 2 out of 4 pieces of a brownie of
the same size, John also has ½ of a brownie.
These fractions can be added to the number line. Add other ways you might have 1/2 of a
brownie such as 4/8, 5/10, etc.
Ask: Look at the numerator and the denominator of each fraction that is equivalent to one-half.
What relationships do you notice between the numerator and the denominator of each fraction
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that is equivalent to one-half?
(The numerator is half of the denominator. Ask participants to give a context for 2/4. Example:
If a cookie is cut into 4 equal parts and you have two parts, you will have half of a cookie.
(slide 25) Different Ways to Make Whole Brownies
Determine possible ways to build equivalent brownies with any of the brownie shares. The new
brownie should be equivalent to the original brownie. Share solutions.

(slide 26) Making Conjectures
Conjectures: Remind participants that a conjecture is a rule or an idea that needs to be tested. It
may or may not be true, but it is a statement that could be shown to be true or false.
As students share conjectures, keep their ideas posted on a class chart. Revisit and clarify ideas.
Be sure to mention any ideas that are not shared in the group discussion.
• Fractions as parts of a whole are equal parts.
• Equal parts of the whole area do not have to be the same shape but must be equal in size or
area.
• There are many ways to share a brownie in halves or in fourths, etc.
• The numerator and denominator have a relationship - the total of equal parts and the number
of parts considered.
• There is a relationship of partitioning as division; counting parts relies on multiplicative
reasoning;
(slide 27) Mathematics in the Activities
Partitioning the whole equally in part-whole fractions; Demonstrating that equal shares from the
same area can have a different shape but must be equal in area; Identifying and explaining
equivalent fractional parts; Developing strategies to prove equal shares and ordering unit
fractions of the same whole.
Ask: What part-whole relationships can be found in an analog clock? (minutes to hours)
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Generalizing concepts: Sharing different parts of a whole including food such as pizza or cake.
Questioning and discussions are critical to supporting understanding of the language and
notation of fractions. Ask: What do you notice about the shares? Does it matter which part you
take? Why are there more pieces of pizza if we cut it into eighths instead of fourths? Is there
more pizza?
(slide 28) Different Halves of a Cake
Ask participants to visually shade one half of each cake and record the share. (Students should
actually shade the halves.) What understandings does this build for students? (Fractional parts
of a cake must be equivalent in area.)
Ask participants to share their thoughts about the cake that is partitioned into thirds. Why is the
cake divided into thirds - a non-example? (You can’t share 3 parts equally between two people
without partitioning the cake in a different way.)
(slide 29) Different Halves of a Cake
Possible conjectures: Patterns: The denominator is twice the numerator. The numerator is
always half of the denominator. The denominator is the number of total equal shares the cake is
divided into. If the cake is divided into eighths, then 4 of the eighths would equal one half of the
cake.
(slide 30) Equal or Greater Than One
Some fractions are less than 1; Some fractions are equal to 1 and some fractions are greater than
1. What does it mean to have more than one whole? Ask participants to explain the models on
the slide.
Say: If Maria cuts a cake into 8 equal pieces and she has all 8 pieces, what part of the cake does
Maria have? (Maria has 8/8 or 1 whole cake.) Explain the relationship between the numerator
and the denominator? (If the cake is cut into 8 equal shares and Maria has all 8 of the shares,
then Maria has the whole cake.
Say: If Jim has two pizzas, the same size, and each pizza is cut into 4 equal pieces, how much
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pizza does Jim have?
(Jim has 8/4 pizza or 2 whole pizzas.) Describe the relationship between the numerator and the
denominator?
(Because there are two whole pizzas and each pizza is shared into 4 pieces. Jim has 8 pieces of
pizza and each piece is one-fourth of a whole pizza. Therefore Jim has 8/4 pizza. Each pizza is
divided into fourths so each time Jim counts 4 equal parts of pizza, he can put them together to
make a whole pizza. Jim has 2 whole pizzas.)
Ask: If Jim gives 1/4 pizza to a friend, how much pizza does Jim have left?
(Jim has 7/4 pizza left which can be written and named as 7/4 or 1 3/4 pizzas.)
7/4 can be written as 1 ¾ which is referred to as a mixed number or a mixed fraction.
When a fraction is greater than one whole, you can use either an improper fraction or a mixed
number (sometimes referred to as mixed fraction) to show the same amount. For example 7/4
=1 3/4 (Jim can put 4 pieces of pizza together to make one whole pizza plus 3/4 pizza.
A mixed number is composed of whole number(s) and a proper fraction.
Ask: Are improper fractions incorrect? Too often, students are led to believe that improper
fractions are not correct and have to be converted to mixed numbers or whole numbers. For
mathematics, improper fractions are useful in algebraic expressions and are less confusing than a
mixed number when working with formulas. For mathematics they are actually better than
mixed fractions.
For everyday use, people find mixed fractions easier to understand. It is easier to say, “ I ate 3 ½
brownies than saying I ate 7/2 brownies.
Fractions greater than one can be represented with fractions or with mixed numbers. The
denominator tells us the total number of equal shares the whole has been partitioned into. The
numerator is the number of equal shares we are referring to. Students need to see 6/4 ; 1 2/4; 1
½ as equivalent. They need many opportunities to prove equivalence among fractional parts.
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(slide 31) Equal or Greater than One Whole
Ask participants to answer questions on the slide. Danny has 2/2 apple or 1 apple
Danny has 7/2 apples or 3 ½ apples

(slide 32) Contexts for Sharing Tasks
Ask: What are different ways children might partition seven brownies.


Students' strategies will likely fall into one of three categories: (1) give everyone a whole
brownie, divide two brownies into halves and give everyone a half, then divide the remaining
brownie into four equal parts and give everyone a fourth; (2) divide all 7 brownies into
fourths and share the fourths among the 4 children. (3) give everyone one brownie, then cut
the remaining three brownies into fourths, giving each student an additional three-fourths



The amount of brownie(s) that one person will receive can be represented by 1 + 1/2 + 1/4,
or 7/4, or 1 + ¼ + ¼ + ¼ respectively. Student strategies for solving the problem provide a
context for exploring addition of fractions as these representations must all yield the same
amount.



When 7 brownies are shared among 4 people, each person receives the equivalence of 1
whole brownie plus ¾ of a brownie. The parts may look different but students should prove
equivalence.

Students need opportunities to represent fractions in words, symbols, pictures, or real objects.
Ask: What might you learn from students’ representations? (reasoning and thinking)
Equipartitioning or sharing equally is very natural for young children. Students become very
engaged in proving equality. By beginning with a fair-sharing context, students explore the
connection of multiplication and division to fractions.
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(slide 33) Fractional Parts
Pattern blocks support understanding of many aspects of fraction concepts, as well as
computations with fractions. Students understand what a fractional piece is by manipulating the
pattern blocks and making “fair trades.”
 Ask participants to answer questions on the slide.
 Ask: If the trapezoid becomes the whole, what is the relationship of the rhombus to the
whole? the equilateral triangle? the hexagon?
 Ask: If the trapezoid is the whole, what would be the value of 7 equilateral triangles? (2 1/3
or 7/3 )
(slide 34) Different Parts to Make a Whole
Participants use pattern blocks to find different ways to make one whole. (1/2 + ½) (1/6 + 1/6
+1/6 + 1/6 + 1/3) etc. Ask participants to record fractional parts. Discuss solutions (least
number of pieces, greatest number of pieces)
How might you help students relate this activity to the idea behind the compensatory principle?
(slide 35) Capturing Hexagons
Need: game board, cards, pattern blocks, game directions
This game can be played with one set of cards, using fractions less than one. Later play the game
with both sets of cards which include proper, improper, and mixed fractions. This version will
require a game board with many hexagons.
Use the cards in the handout and pattern blocks to play the game “Capturing Hexagons.” In
turn, each player draws a card and places a pattern block on one of the hexagons.
Rules: A block can be placed on any hexagon;
Each player should always trade up during his/her turn. Example: If a player draws 2/6 and
places 2 triangles on the gameboard, the player should then trade for a blue rhombus during
his/her turn. Player who captures (covers) all 3 hexagons first, wins.
With a partner, list the mathematical ideas in this game. Share whole group.
(parts of a whole, relationships among and between the whole, halves, thirds, sixths when whole
remains constant; compensatory principle and informal ideas related to combining fractional
parts)
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(slide 36) How Much is Blue? Yellow?
Ask participants to determine if the drawing shows ½ blue and 1/3 yellow? How do you know?
If time: Ask participants to create a design following directions on the slide.
What understandings would students need to be successful in this activity?
How might you simply this activity? (Use triangle grid paper as well as limit the number of
blocks.) In the classroom, this idea should be introduced by sharing and having students to
discuss a teacher design made with pattern blocks.
Ask participants questions:
 What is the whole? What is the unit fraction?
 What fractional part of this design is blue?
 What fractional part of this design is red? Be sure participants explain their reasoning
by considering the area or relationship of the pattern block pieces.
 Students will need many experiences with pattern blocks to develop an understanding of
the relationships among the pattern blocks.
(slide 37) Comparing Fractions
Say: The slide gives only a few examples. Third graders need many opportunities to compare
fractions between zero and one and with numbers equal to and greater than one. Through a
variety of experiences, we should expect third grade students to pay attention to the relative size
of the numbers in the numerator and denominator.





Ask participants: Decide where to place each fraction. Reflect on your thinking with a
partner. Share ideas whole group.
Ask: How does understanding of the unit fraction support students in making sense of
fractions? Why does the numerator need to be considered?
What evidence would serve as a proof of the placement of each fraction?
How might creating a model of ½ serve as a referent for students?

Students are comparing fractions to one half and to one whole, thus creating a model of one half
would be a strategy. Other fractions can be modeled or drawn to show the relationship of each
fraction to one half and to one whole. (Students might construct several identical wholes such as
brownies, candy bars or equal circles and partition them into halves, fourths, eighths, twelfths,
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etc.
 Assessment: Strategies would reveal student understandings of fraction ideas.
When comparing fractions, the whole for each fraction must be equal in size.
When comparing fractions, divisions shown by the denominator must show equipartitioning.
When comparing fractions, both the denominator and the numerator need to be considered.
(Students can draw a model of each unit fraction. This would show understanding that when
comparing fractions, the whole must be the same size.)
 What support do third graders need to develop “fraction sense”?
 What explanations should we expect from third grade students?
Students should focus on the unit fraction in relation to one whole, one half of the whole and
how close the amount is to zero. Students should also be able to determine if a fraction is greater
than one whole.


Students should have opportunities to use fraction bars, rectangles, circle diagrams and
drawings to figure out what one half of a denominator is, to know if a numerator is
greater or less than half of the denominator.
 Example: For the unit fraction, ¼, if the numerator is 3, students should be able to
explain that ¾ is one fourth greater than one half.
 Students need many opportunities to use and describe models and strategies for
comparing a given fraction to the nearest benchmark fraction using 0, ½, and 1.
 When ordering fractions, students should be able to give verbal and written explanations
to explain how they reasoned the placement of a fraction.
Note: (Fraction Strips - slide 63)
Students can easily use fraction strips as one way to compare fractions. Strips can be folded to
show 2/3 etc.
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(slide 38) Justifying Relationships
(These are informal proofs. )
Jigsaw strategy:
 Number participants 1-5. All number 1s will create a proof to justify the relationship of
example 1, all 2s will create a proof for example 2, etc.
 After participants have had time to create or model a proof, designate a location for ones to
meet, two’s to meet, threes to meet, etc. Share proofs and justify reasoning.
 Each group should select one proof to share with whole group.
Discuss as whole group.
 How might students develop understandings of relationships between and among fractions?
(Creating models or drawings for proofs and explaining the reasoning supported by the
proofs.)
 Why would you want students to have conversations with other students around proofs?
**Alternate: (If limited space or time)
Assign each group one of the fraction pairs. Ask each group to create a proof to justify the
relationship among two fractions.
 Share proofs whole group and justify reasoning.
(slide 39) One Half? How Many Ways?
NOTE: There is not time to actually do the geoboard activities on the next few slides.
If the geoboard has been partitioned into 16 square units, the unit fraction is 1/16.
 Ask: How do you know the pieces are equal? (count the number of square units which tells
us the area or the amount of space that is enclosed by the geoband.)
 Students should record solutions on geoboard paper
Challenges:
 Find a solution that is not symmetrical. Use ideas of area to prove equality.
 Find a solution that is not congruent? Use ideas of area to prove equality).
 Record all ways on the geoboard recording sheet. Be able to justify your answers.
 The geoboard is an area model which supports the idea that fractional parts of the same
whole can be equal in size even if they are not congruent and are not symmetrical.
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(slide 40) Equivalent Shares
Ask participants to describe this fraction design in as many ways as possible. (fourths,
equivalent in area or size; not congruent; not symmetrical, each ¼ =4/16)

(slide 41) Compensatory Principle
Ideas of equivalence build understanding of the compensatory principle. Equipartitioning
brownies and area on the geoboard, covering a whole with pattern blocks, drawings, etc. support
ideas of the compensatory principle.

(slide 42) Continuous Models
Continuous quantities involve nondiscrete quantities such as length, area, or volume. Because
instruction often uses circular-region (pie and pizza) almost exclusively, many children have
difficulty relating fraction concepts to other continuous models (rectangles, number-line) and to
discrete models. Students do not recognize that ¾ is literally three one-fourths. Such quantities
can involve parts of a unit or in-betweens.
However, teachers should give students multiples experiences with the same model before
moving to a different model. This is like playing a game. You need to play a game many times
to make sense of the rules and develop strategies.
(slide 43) Considering Set Models
Ask participants to look at the set of 2-color counters.
What is the whole? (5) What is the unit fraction of the set? (1/5)
How can we partition the counters into equal groups? (The set of counters can only be
partitioned into 5 equal groups with one counter in each group.)
What fractional part of the counters are red?
What fractional part of the counters are yellow?


Ask: What does 3/5 of the counters are yellow mean? (When counters are partitioned into
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five equal groups, there is one in each group. The unit fraction is 1/5 and names one group or
one share. 3/5 of the counters are yellow. This means that 3 of the groups have a yellow
counter or 3 times the unit fraction of 1/5.)
Ask participants to look at the set of candy.
 What is the whole? (number of pieces of candy in the set of candy -6)
 Using color to partition the candy, what grouping does the set of candy illustrate? Candy can
be divided into 2 groups with three pieces of candy in each group. ½ of the set is red and 1/2
of the set of candy is green.
 Is it equally correct to say that 3/6 are red and 3/6 are green?
(slide 44) Equal Partitioning
For students, partitioning (dividing) a single whole into fourths seems quite different from
partitioning (dividing) a group of 12 people into fourths. Students will need many visual images
to support understanding of each situation.
NOTE: The term used in the draft of the Essential Standards is equipartitioning.
(slide 45) Set Models
Ask participants to discuss:
What is the whole?
What is the unit fraction?
Why are the yellow counters ¼ of the whole?
What does the denominator tell us? What does the numerator tell us?.
(The denominator tells us the number of equal parts the whole has been divided into.
The numerator tells us how many of those parts we are considering.)
What fraction of the counters are red? How many counters are red? Explain.
Ask: Why is the set model more difficult for some students?
 This model is more abstract. The whole is more difficult to see because students must
determine the relationship between the whole, the fraction unit, and the number in each
group.
 For example, a student has 12 pencils and loses 5 of them. 5 is the number of pencils that
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were lost and can be represented by the fraction 5/12. This level of abstraction is more
challenging for students to grasp. It is critical that students actually partition sets into groups.
(slide 46) Partitioning Sets
Turn to the handout – Get to 36 (game). Look at the questions on the slide.
If the answer is yes, ask participants to identify the number in one group. (halves – yes and the
unit fraction will be ½ with 5 in each group; thirds, no; fourths, no; fifths, yes. The unit fraction
would be 1/5 that represents a group of 2 counters.
Ask: Is there another way to divide ten counters into fractional sets? Yes (tenths with one counter
in each group).
24 counters can be divided into 1 group with 24 in each group; 2 groups with 12 in each group; 3
groups with 8 in each group; etc.
Factors evenly divide or partition a number and 1, 2, 3, 4, 5, 6, 12 and 24 are factors of 24.
(inverse of multiplication is division)
(slide 47) Fractions of a Group or a Set
While participants read what is on the slide, have them take out the handout – Fractional Parts
of 24 (game).

(slide 48) Fractions of a Group or a Set
Have a volunteer read the problem on the top part of the slide.
Ask: How might your students find the answer?
Students develop understandings of fractions through real world contexts and having many
opportunities to visualize and make sense of problem situations.
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(slide 49) Sets with Color Tiles
Ask participants to answer the questions on the slide and describe the fractional parts. 4/8 or four
out of 8 tiles are blue and continue with remaining tiles?
Is there another fraction that could describe the part of the set that is blue? Many third grade
students will see that ½ of the sets of tiles are blue and ½ of the set of tiles are not blue.
What does naming the fractional parts as 4/8 2/8 1/8 tell us? (the whole is partitioned into 8
equal parts; different size shares; decreasing half of 4/8 and half of 2/8)
See the handout that accompanies this.
(slide 50) Finding One-Half of a Set
If the set is partitioned into 2 equal groups, each group is ½ of the whole. Six is ½ of 12. Fifty
pennies will be 1/2.
If 100 pennies are partitioned into 4 equal groups, 2 groups of pennies out of 4 groups would be
equivalent to ½ of the whole group of pennies. Each group is ¼ of the whole. 2/4 is half of the
whole.
(slide 51) Sharing Balloons
Using a table of values, have participants describe the unit ratio (1/6 – for each person, six
balloons or 6/1 – six balloons for each person) and extend the table to show covariance among
the number of people and the amount or number of balloons accumulated. The number of people
increases until the original size of the collection is equally partitioned among the friends.
(slide 52) Sharing Balloons
What mathematics might students use to solve this problem? How does this problem relate to
finding pars of values for a unit ratio? (How many balloons would one person get?) What
numbers of friends might Sylvia have to allow her to share the balloons equally?
The table shows the relationship between the number of people and the accumulation of the
number of balloons necessary until the collection of balloons has been equally shared.
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(slide 53) Sharing Cookies
The cookies for whole numbers are shared as they are in, The Doorbell Rang by Pat Hutchins.
Equipartitioning or fair sharing is an initial step in supporting students to develop concepts and
see relationships that exist between multiplication and division. Students discover and extend
patterns.
Provide students opportunities to create their own sharing problems.
How does this chart lead to an understanding of equipartitioning as division?
(slide 54) Fair Shares
Note: If time is limited, tell participants that slides 56 – 60 are examples of problems in a
context. Quickly click through the slides. Handouts contain notes for each slide.
What is the mathematics in both problems? How do these problems relate to finding fractional
parts of a discrete set?
 In both problems, students have to identify a fair share of a collection of discrete items as the
amount per person.
 Students solve mentally or use models. Students might equally partition the objects in the set.
Next they have to determine the amount in each share.
 Each friend’s share will be 1/8 of the pizza. Each friend will receive 3 slices of pizza.
Problem 2: Each boy will receive ¼ of the apples. Each friend will receive 9 apples.
(slide 55) Sharing Groups of Objects
Solve and discuss problems.
 What mathematics are students using as they solve these problem?
 Describe difficulties students may have when solving these problems.
 Problem tasks provide opportunities for assessing the levels of understanding of students.
 Problem tasks provide opportunities for students to share solution strategies and explain their
reasoning/sense making of the solution.
Problem #1 Joe has 8 pencils; Gerald and Bill have 4 pencils each. Problem #2 Lucas has 10
pieces of candy.
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(slide 56) Sharing Money
Children should have experiences reasoning about fractional parts of money. You might
mention sale signs in stores that say, 1/2 off of the original price, etc.
Problems with money: If students were sharing money and there were 5 dimes to share equally
among 4 people, they would have to think of changing one dime to pennies. There will be two
pennies left over that cannot be shared equally (discrete).
(slide 57) Which Is More?
Have participants answer the two questions on the slide.
What representations might support students in solving this problem?
Eight students sharing 6 containers – students would receive ¼ more.
(Possible solution: Each student will receive ½ of a container. The remaining 2 containers can be
shared by partitioning each container into four equal parts.
(slide 58) More Story Problems
Have volunteers read the problems on the slide.
Make these points: When presenting story problems, only present one or two problems at a time.
This allows time for students to create and draw representations; class discussion and sharing of
strategies. Students tend to use their informal knowledge to solve problems related to real life.
Students' informal solutions often involve partitioning units.
(slide 59) People Fractions - Guess My Rule
Use the picture on the slide or choose participants. Be sure there are one or two attributes in
common. You can even combine attributes like girls with glasses. Does each proposed attribute
fit the fraction?
Important: Make explicit the importance of the whole (denominator) in comparing fractions. ½
of a group of six students is not the same as ½ of a group of 8 students. The meaning of the
fraction comes from knowing how many students are in the whole group.
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(slide 60) Linear Models
Quickly move through these slides.
Ask participants: What are advantages of the linear model for fractions? (This model links to
tools for linear measurement; provides a concrete reference for students to use to see
relationships and compare fractions. .
(slide 61) Make a Fraction Model
See handout: Fraction Strips and share an example you have made. There is not time to make
these with the group. Directions and activities are in the handout. Students can fold fraction
strips into shares. Fraction strips work well when students are comparing fractions.
By using parallel number lines, each showing a unit fraction and its multiples, student can see
fractions as numbers, note their relationships to 1 and see relationships among fractions,
including equivalence. Students should begin to understand that between any two fractions,
there is always another fraction.
(slide 62) Linear Models
Read points on slide.
Rulers and meter sticks can be models of fractions. They will also support the introduction of
metric measures.
(slide 63) Fraction of a Day
This is another continuous model for fractions that provides an opportunity to discuss fractions
on a clock. This is a connection for many students.
Time on a clock also connects to angle measure in geometry.
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(slide 64) Chinese Proverb
For students to become good “mathematicians,” the mathematics must make sense to them.

(slide 65) Essential Standards
Follow directions on the slide.
Summarize: Two simple but major concepts that help students understand fractions are:
partitioning and equivalence. Instruction should be built on students’ intuitive understanding of
fractions and use of objects or contexts that support sense making of fractions.




Partitioning is the process of sharing equally (6 candy bars are shared equally among 4
people). Kindergarten, first and second grade students should have experiences of physically
sharing (equipartitioning) collections and wholes while engaging in discussions related to the
mathematics.
Equivalence is a relationship. There are many different representations of the same amount.

Students need a strong understanding of key ideas before connecting with procedural rules.
Ask What benchmarks about fractions might children already have when they come to third
grade? Students often know how big ½ is and can relate this idea to fractional parts that are less
than or greater than a half.
(slides 66-69) Credits
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