2009 Leaders’ Notes
General Materials and Supplies:
Pattern blocks (5 of each shape per participant)
color tiles (20 per participant)
centimeter cubes (20 per person)
counters (20 per person)
Slide

Grade 3

Module 7
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models for balances (optional - (slide 13)
Handout: Building Chicks with Pattern Blocks
Handout: Boats A-Float

Tasks/Activity

1) Title Equality, Patterns, Functions; Relationships
Tell participants that Grade 3 has two modules (7 and8) for Algebra.
Note to Leaders: There are extensive notes for this module also. Please prepare carefully so that
you do not need to “read the notes verbatim” during workshop but can discuss the ideas.
(slide 2) Big Ideas in Algebra
 The ability to recognize patterns and organize data to represent situations is critical to
algebraic thinking.
 Students who think algebraically are able to see and understand how input is related to output
by functional rules.
 Another important idea is to be able to abstract system regularities from computation. One
example is how even and odd sums are derived.
(slide 3) What is Algebraic Thinking?
 Ask different groups to share an example. Do not spend a lot of time on this slide. Allow
participants to generate a few ideas.
 Participants might use arithmetic to develop ideas of equality; develop number relationships
such as operations with zero as well as operation relationships; express generalizations using
models, words, or samples.
 Other examples: even and odd numbers, properties for operations; variables, etc.
 Participants may identify numerical and geometric patterns and discuss ways to describe and
represent functional relationships (patterns were discussed in K-5 Partners).
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(slide 4) Cube Problem
 Ask participants to solve the problem on the slide. Use exactly 20 cubes and all cubes must
be used.
 Ask participants to describe their strategies. (Did participants use cubes? pencil and paper,
other?)
 Ask: What mathematical ideas were used to solve this problem? (even and odd combinations;
doubles, etc.
 Ask participants: How were you engaged in algebraic thinking? Explain. (relationships
among the piles = applied arithmetic of more than, less than, twice as many; problem
solving; using strategies
(solution: Pile 1 = 7 Pile 2 = 3 Pile 3 = 4
Pile 4 = 6)
(slide 5) Cube Problem
Read quote on slide

(slide 6) Algebraic Thinking in Classrooms
 Focus should be on helping children look for relations among numbers and number
operations using basic properties of arithmetic.


The emphasis should be on providing opportunities for children to think about the properties
of operations and relations rather than calculating by rote methods. The fundamental
properties that children use in carrying out arithmetic calculations provide the basis for most
of the symbolic manipulation in Algebra.



Students who are successful in mathematics are not simply better at computing or
manipulating symbols. They are making generalizations and recognizing relationships
among concepts and procedures and are able to simplify their calculations.
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(slide 7) Big Ideas in Algebra
 Read points on slide.
 Ask: What letters and symbols do students begin to use as they move from the use of natural
language descriptors to symbolic language. (They learn to use operation symbols, blank
lines, boxes; shapes; and letters of the alphabet and other symbols to represent unknown
quantities. It takes time and many experiences for students to build an understanding of the
notion of variables.)
 Many students use symbols as short cuts instead of recording descriptive language which
becomes cumbersome for many students. In this case, students are more likely using letters
for labels such as b for boys or h for hats.
 In third grade, you might not want to use “x” as a variable as students are learning
multiplication and may confuse “x” as a variable and “x” as an operation symbol for
multiplication.
(slide 8) Considering Variables
 Ask participants to practice solving some of the equations that include a variable. Be sure
participants understand that the same variables within an equation represent the same value
but may not have the same value in a different equation.


As the concept of variable developed historically, the ways in which letters were used
expanded. Any particular use of a variable is determined by the mathematical context. At the
elementary level, the unknown value is often represented using a shape such as a square or
triangle or a letter of the alphabet.

At the elementary level, variables are primarily used to represent specific unknown values in the
following ways:
 number sentences or equations (5 + y = 7 + 5
x + y = 7)
 sets of numbers in inequalities (x < than 10)
 property and pattern generalizers ( a + b = b + a)
 formulas such as (A = l x w)
 varying quantities in functions (y = 2 x)
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(slide 9) Variable – Many Meanings
Read the points on the slide that show some of the different meanings of a variable.
In the first expression (5 x n - 2 = 18), what does the = sign communicate? (The equals sign
communicates that the values of both sides of the equation have an equivalent relationship, even
thought they are written differently.
Ask: What does n represent in the equation? (The n is an unknown, used to represent a particular
number – 4.) In the second expression, the variables represent a relationship between quantities.
There could be 2 specific values for a and b or there could be a whole range of values.
Ask: Could a and b represent 9? (No, because the variables are different.) This would be similar
to finding all the different combinations for 18 except 9 + 9.
Ask: What properties are illustrated by the last two statements? How might variables be used
when generalizing properties?
Variables should be incorporated into students’ work with concepts and skills related to
equations and inequalities.
Algebraic equations that carry more than one variable are often referred to as open sentences.
Goal for students: When solving for an unknown, find values that make equations or open
number sentences true.
Variables:
 Students learn to use letters and other symbols to represent unknown quantities but it takes
time and many experiences for students to build an understanding of the notion of variables.
 A common misconception of variables is that young children interpret them as labels such as
g represents girls and b represents boys.
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(slide 10) Jelly Bean Problem
Have participants to generate answers to the problem.
Ask: What do we know about the amount of jellybeans they each have? (They each have the
same amount in their individual bags. Mark has 5 more.)
We could write the equation as n + 3 to show: Penny has n and Mark has n + 5. (J or other
variables can be used instead of n).
(slide 11) Exploring Algebraic Thinking
 Similar to the structure from Partners Year 1, this structure will guide our explorations for
much of the algebra module.
 To think algebraically, means to be able to understand patterns, relations, and functions.
 It means to represent and analyze mathematical situations and structures using algebraic
symbols and to analyze change in various contexts.
 When students describe and represent quantities in different ways, they learn to recognize
equivalent representations and expand their ability to use symbols to communicate their
ideas.
(slide 12) Equality
As a consequence of the instruction they have received, young students typically perceive the
equal sign as an operator, or a signal to do something. Students need experiences that support
them to view the equals sign as a symbol of equivalence and balance. The equals sign in an
equation is like a scale in that both sides, left and right, must have the same value for the scale to
stay in balance and the equation to be true.
 Equality is a relationship.
 A variable is a symbol or a letter that represents a number or quantity.

Students typically develop an idea of variable as a place holder for a specific number,
as in __ + 2 = 11 or 3 + 5 = __.
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(slide 13) Algebraic Reasoning
The balance scale is a visual model for the equality relationship. Balance scale problems can be
used to investigate equivalence and symbolic representations. Ask participants to solve the
problem on the slide and then share solution strategies.
Ask: What ideas of equality did you use to solve the problem?
What is the value of the cube? The cylinder? The sphere?
How did you think about solving this problem. (sphere = 3; cylinder = 5; cube = 7)
How might balance tasks push students to think about equality?
Balance tasks encourage sense-making as balances do not lend themselves to procedural
responses. Since no operation sign is provided, students must decide how to act, what operation
to perform and how to reason using relationships. Using a balance, students develop
understanding of ideas like “adding or subtracting equal amounts from both sides of the scales”.
After many experiences, provide opportunities for students to create balance tasks for others to
solve (Students must have a solution for each task before presenting the task to others).
Balance is experienced naturally by each person in situations such as riding a bicycle or walking
a balance beam
(slide 14) Algebraic Reasoning
Have participants solve the problems on the slide and share solution strategies.
Ask: What equations can you write to represent the mathematics for the second balance?

3

s + 5 = 32

32 = 3 x 9 + 5

Ask: What ideas of equality did you use to solve the problem? What variables are used on this
slide? (triangle, cube, cylinder) What is the value of each triangle? (Triangles have a value of 6
on the first balance and a value of 9 on the 2nd balance.)
Students must adopt the convention that identical shapes on the same balance represent the same
quantity. Balances provide an opportunity for students to view equations horizontally.
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(slide 15) Number Talks
The Balance Problems can be used in Number Talks to develop ideas of equality.
 Number Talks provide a vehicle to engage students in rich conversations.
 Through Number Talks, students have opportunities to make and explore mathematical
ideas, make conjectures and justify their reasoning by building what may be described as
mathematical arguments.
 Algebraic thinking tasks alone will not give students the skills they need to think
algebraically. Tasks are the vehicles for classroom discourse.
(slide 16) Number Talk
Ask: What property is made explicit in the examples on the slide?
Ask: What questions might teachers ask to foster classroom discussions? Answers might include
• What do you notice?
• Can anyone create a model or draw a picture to show your thinking?
• Can someone give another equation that would belong with this set.
• Explain your reasoning.
• Can someone give a non-example of an equation for this set of equations? Does this work for
larger numbers?
• Can you show us an example?
• How do you know your example is correct?)
In the classroom teachers choose a key idea/concept from the curriculum and have students
explore the ideas through examples such as this slide. Concepts to explore include
• commutative property
• identity property
• distributive property
• associative property
• inverse relationship between operations
• even and odd numbers
• characteristics or other properties of operations
• equivalent fractions
• fractions greater than one
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After much exploration and discussion children can make generalizations about these concepts.
Students can discuss something they have noticed about numbers (such as when you add 0 to a
number the answer is always the number or when you multiply a number times 1, the answer is
always the number.) As you move to larger numbers, concepts should be revisited.
(slide 17) Balancing Equations
Look at the pairs of equations on the slide. Discuss the equivalence in the first equation and how
the same idea can be used in the second. Some questions/talking points follow
 If you didn’t add up each side, how would you know for sure?
 How might you show this with cubes? (Show 2 stacks of 18 cubes. Take one cube off of one
stack and add it to the other stack). Third grade students would need many experiences with
one-digit and two-digit numbers.
 What conjecture or general claim can you make about the operation of addition based on
your examples?
 What conjectures would you want third graders to notice?
 Does this work with larger numbers? What examples have you tried?
Ask participants to make conjectures for subtraction based on the equations shown in the second
Number Talk. (Students would need many equations over time before making and justifying
conjectures.)
 What conjecture or general claim can you make about the operation of subtraction? How can
you be sure you are correct without subtracting? (stack of 16 cubes, take away 13 then make
a stack of 17 cubes and subtract 14 cubes.
 What might be a story problem for 16 - 13 = 17 - 14. (Alex has 16 pennies and he gave his
sister, Angie 13 pennies. Alex’s mom had 17 pennies and gave Angie 14 pennies. Who has
more pennies left over, Alex or his mom? How might you prove your answer?
 How might 3rd graders explore this idea?
Note: Present only one idea at a time to students. Students will need many opportunities to
discuss the same idea.
 Again, it is important that students have many opportunities to investigate this idea with
smaller numbers. Students need to convince each other using models and representations.
 Students need to make statements describing the mathematics.
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Ask: How might these strategies support mental math for addition and subtraction? (make
calculations easier)

(slide 18) Balancing Equations
This slide provides more examples. Select two of these equations to discuss. (You do not have
time to do more than two.) Present the equations you choose one at a time. Ask participants to
explain their reasoning.
 First two equations: If you add an amount to one addend, you have to subtract an equivalent
amount from the other addend to maintain equality.
 (3rd equation) 14 – 9 = 15 - ? Participants may see that if you add one to the minuend (14)
and 1 to the subtrahend, the difference remains the same.
• (4th equation on slide) The equation: 47 – 8 = 50 - ? is a similar problem. Think about what
happens when 3 is added to 47. To maintain equality, how must the 8 be changed?
• ( Equation 728 – 38 = 700 – b ) To maintain equality, what quantity does the variable b
represent? Explain your reasoning. Think about the relationship between the numbers. ( b =
10) Why would students use this strategy in this subtraction problem? (Easier numbers and
easier for students to reason about the mathematics.) This is referred to as a compensation
strategy. (How are you compensating?) Does this always work for subtraction? (Yes, but
using the strategy is dependent on numbers that are accessible to students.)
Additional notes:
Terms “minuend” and “subtrahend” are rarely used. The minuend is usually referred to as the
quantity or amount we begin with and the subtrahend is referred to as the amount to be
subtracted (lose, give away, etc.) from the minuend.
 Remind participants that one meaning of subtraction is the “distance between two numbers”.
For subtraction, if you add a number to the “start” number, then you must add the same quantity
to the number to be subtracted; if you subtract a quantity from the “start” number, then you must
subtract the same quantity from the number to be subtracted.
 Equation 3 addresses important ideas of equivalence and ideas that students with number
sense use often. It is important to share these ideas with students even if we as teachers may
not use this strategy.
• Equations provide a tool for representing mathematical ideas as well as a way to introduce
variables to students.

page 9

2009 Leaders’ Notes
•

Grade 3

Module 7

Begin with one digit numbers to provide opportunities for students to discuss compensation
(sometimes referred to as balancing) in addition and subtraction equations.

Addition: If you subtract a quantity from one addend, an equivalent quantity must be added to
the other addend. (The reverse is also true)
Subtraction: If you subtract a number from the beginning quantity (minuend), then you must
subtract the same amount from the number being subtracted (subtrahend). If you add a number
to the beginning quantity, then you must add the same amount to the number being subtracted.
Stress that in a classroom, use only three or four equations during a “Number Talk.” Structure
equations to match the mathematics students are currently working with.
In the classroom: Show one equation at a time and ask students to share ideas and explain their
reasoning.
Number sentences can provide a window into students’ mathematical thinking. Number Talks
also provide a way to review mathematics. Balancing equations can also focus on properties of
number as well as number relationships.
(slide 19) Generalizing
Making generalizations is an important component of algebra. Part of the algebra work in 3rd
grade is helping students articulate, represent, investigate, and justify general claims that come
out of their work.
Make the following points:
• When students realize and can create convincing arguments that the commutative property is
always true for the operations for multiplication and addition they are making a
generalization. When students utilize the property in their calculations and reasoning, they
are thinking algebraically.
• Instruction that includes a focus on generalized arithmetic provides access to the meaning
and properties of the operations and builds a foundation for computational fluency.
• When children generalize mathematical ideas they see, describe and justify patterns and
regularities in operations and on properties of numbers
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(slide 20) Algebraic Thinking
Ask participants to read quote on slide.
• Exploring a concept and then making a generalization (a statement that describes a general
truth about a set of mathematical data) about that concept is a part of algebra.
• When we connect arithmetic and algebra, students learn to rely on reasoning. All students
can participate in and learn from discussions.
Properties related to Multiplication are included in the next module.
(slide 21) Patterns
This slide reviews the importance of patterns in mathematics.
 Ask participants to explain why the pattern at the top of the slide may be challenging to some
third graders. (The pattern has different symbols which do not create a pattern. The pattern is
found in the holes on the buttons. What type of pattern is the button pattern? How many
holes will be in the 100th button? Explain your reasoning. (The top pattern is a repeating
pattern of 4, 2; 4, 2 ; 4.2; – the 100th button will have 2 holes (even number).
 Ask participants to explain the triangle pattern. (one triangle at the base and 1 triangle in the
pyramid; 2 triangles at the base and 4 triangles in the pyramid; 3 triangles at the base and 9
triangles in the pyramid) What will the next triangle look like? (4 triangles at the base and
16 triangles in the pyramid) Is the triangle pattern an arithmetic sequence? Explain your
reasoning.
 This is a growing pattern but it is NOT an arithmetic sequence as there is not a common
difference between the figures. It is not a geometric sequence as there is not a common
multiplier that generates the sequences between the growing triangles.
 Tell participants that this is a pattern for students to explore. It is not expected that students
will generalize this pattern. If students create a table, they may see the pattern and will be
able to generalize the pattern. n x n
Triangle Number
Number of Triangles

1
1

2
4

3
9

4
16

5
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(slide 22) Arithmetic Growing Patterns
This is a review of last year’s work with Partners: It is important that teachers are aware of the
type of pattern they are presenting to students.
Ask participants to briefly notice the description of an arithmetic pattern and look at the
examples.
Identify the arithmetic sequences in the three growing patterns. An arithmetic sequence has a
common difference between consecutive numbers.
 This first sequence has a difference of 103 between each number. A 103 is added to the last
number to generate the next number. What will be the next two number in this sequence?
 The 2nd pattern is continued by subtracting 5 from the last number to generate the next
number in the sequence. What will be the 10 number in this sequence? (98)
 The third pattern adds 14 to the last number to generate the sequence. What will be the 10
number in this sequence? (253)
Were there other patterns that helped you find the 10th number in a sequence?
It is important to present students with patterns that require counting backwards as well as
patterns that cross over decades. Students in grade 3 should have experiences with patterns in
the thousands.
Patterns provide opportunities for students to describe and extend generalizations. Students need
opportunities to represent patterns using multiple representations.
(slide 23) Functional Relationships
Functional thinking involves algebraic thinking because it includes making a generalization
about relationships of numbers. Functional thinking is a process of building, describing, and
reasoning with and about functions. Be prepared to discuss all of the points below.
Function – a mathematical statement that describes how two (or more) quantities vary in relation
to each other. Each value of one quantity (first quantity) is related uniquely to a value of the
second quantity.
• What patterns do you notice in this table? (the vertical pattern in right column is a recursive
pattern ). Point out that the first response is often to find a recursive pattern, which involves
looking for a relationship within a sequence of values.
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Functions are relationships or rules that uniquely associate members of one set with members
of another set.
When looking at the recursive pattern, what relationship is missing? (The number of books
sold is not connected to the profit) Using the relationship of the number of books sold to the
profit (function) allows us to find the profit for any number of books.
How might you describe this relationship? (As the number of books sold increases, the
profit increases by $7.
Change in one quantity produces change in the other quantity. (Big Idea for Algebraic
Thinking)
What is the profit if 50 books are sold? How would we figure this out
If we didn’t know the relationship? (skip count by 7s fifty times) 200 books?
Why would you ask students to create a table to represent the data? (Organizing the data in a
function table allows us to see the relationship.)

The recursive pattern is limited as we only know the profit for a specific number of books.
• What is the rule? (multiply by 7) The rule tells what to do to the first number to get the
second number.)
• For third graders we also want them to represent the number of books symbolically using
variables. (With student input, decide on a variable for books and for profit.)
For example, the number of books might be represented as b or n, etc. The profit might be
represented by P. The function can be described as b =7 x b = p or p = 7b
Ask: If we know the profit (number in second column), how might we find the number of books
(number in first column)? (If we know the profit, then we can divide by 7 to find the number of
books sold.) Multiplication and division are inverse operations. (This is discussed again in the
next module.)
Representing problems in a context supports students to make sense of the mathematics and to
see ways the mathematics is applied through problem solving.
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(slide 24) Describing a Growing Pattern
The Chick pattern begins with a Stage 1 “chick” built from pattern blocks. Tell participant to
work with a partner describe the pattern and create a three column table.
Ask: What part of the pattern remains constant? (body)
What part of the pattern is the variable? (tail)
What would be the purpose of having students create a three column table? (The middle
column
forces students to relate the pattern to the blocks, supporting students to “see”
what is
happening in this pattern.)
Many adults can solve problems algebraically but cannot explain why.
The middle column should relate to the pattern blocks to show how the pattern is growing.
Ask several participants to share their chart and explain their thinking.
If you extend the “chick” pattern, what will the “chick” look like at Stage 10? Convince your
partner that your answer is correct.
Have participants turn to the handout that describes how this lesson plays out in the classroom.
Give participants time to quickly read. The next slide refers to the content of this handout.
There is another, similar activity of building boat smokestacks.
(slide 25) Functional Relationships
Ask: What is the role of students as they describe patterns and show their representations?
(Children throughout elementary school should have opportunities to describe ways they are
thinking about the patterns they encounter. Use students’ representations and through
questioning support students as they describe how a pattern grows in their own words,)
Students should be able to describe a rule for how the chick changes in each stage by using the
block and the middle table. What difficulties will students have with this pattern? (Many third
graders should be able to move from describing how consecutive stages change to discussing the
general way stages are changing. Through experiences, they will be able to generalize for any
stage for the chick.)
Is this an arithmetic sequence? Explain. (Yes, the pattern has a difference of 1 for each stage.)
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The total number of blocks is dependent on the stage number.
What is the function? (The relationship of the stage number to the total number of blocks. What
is the rule? (Stage number plus 5). How would you express this relationship using symbols?
B = S + 5 would be one way to think of the relationship. Describe the relationship of this
function.
What will be challenging for your students? Questions to pose for students: “What will a Stage
#100 “chick” look like? How many blocks will you need to build a Stage #100 chick? (Pose a
smaller Stage number for students.)
How might students find the answer if they didn’t know the relationship? How would you
expect your students to describe the pattern? If you know the total number of blocks, how might
you find the Stage Number?
(slide 26) How Does It Grow
Directions: With a partner, create a representation to portray the pattern of the Growing Worm.
 Share strategies and representations in whole group.
 Describe the relationship between the age of the worm and the number of triangles needed to
construct the worm.
 Represent the relationship using words and symbols.
(The relationship can be stated as a rule such as “to find the size of the worm, multiply the age
of the worm by 2 and then add two new triangles.)
• Using symbols: If n is the age of the worm, a symbol representation might be 2n + 2 or
2(n+1) Note: Not an expectation for third grade students.
• Students should be able to verbally describe what is happening in the pattern.
• It is okay to share 2n + 2 but elicit meaning from students for 2n + 2 based on their
explanation. . (Telling students this information is meaningless.)
Ask: Is this an arithmetic sequence? Explain. (Yes, the pattern has a difference of 2 for each
stage.)
Can sixty blocks be used to construct a worm? If so, how old would the worm be?” (The worm
would be 29 years old.) Encourage participants to explain their reasoning. What mathematics did
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you use to answer this question?
Important: Generating questions that ask for the reversal of what is given is an important step
that “pushes” algebraic thinking. For example: Can 36 blocks be used to construct a worm?
(Yes, the worm would be 17 years old.)
(slide 27) How Does It Grow?
What are your expectations for third grade students? Below are examples to share if not
mentioned:
 For some students, finding a relationship will take a lot of searching and experimenting.
 Encourage students to build patterns and engage in conversations with other students.
 Third grade students should be able to describe how a pattern grows in their own words.
 Using models, some students may be able to describe a rule for how the worm changes in
each stage. Generalizing the pattern would not be an expectation for grade 3 students,
although some may be able to figure out the pattern.
 Encourage those who are successful with models to create a table or chart to continue to
build the pattern.
 Encourage students to continue searching as the search for patterns is a significant part of
algebraic thinking.
(slide 28) Doubling Everything
(Only spend a few minutes on this slide as this should be familiar to teachers. Show the book
Two of Everything if you have it.)
Another way to represent functional relationships is to use in-out boxes to represent a function.
Ask: “If you know the output, how can you figure out the input? (Many students will think of
multiplication while other might think of division. Is this an arithmetic or a geometric pattern?
Explain. (arithmetic because each consecutive output has a common difference of 2)
Using IN/OUT boxes or tables, third graders predict an output value from an input value using a
rule. The book, Two of Everything by Lily Toy Hong, tells the story of a magical pot that
doubles whatever is put into it.
Ask: Who can describe the pattern for figuring out the output when you know the input number?
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What should third graders know about doubling? (Third grader might think the “Out” box
number is equal to the “In” box number added to itself; or “In” box doubles (a number + the
same number) or two times the In number or the out number is equal to the “In” number two
times.) Third graders should be able to double larger numbers, especially landmark numbers
such as multiples of 10 including 50 and 100.
Review of Magic Pot for Leader. Many participants may have used this book.

Using the context of a magic pot and pennies, ask “If you put one penny into the pot then two
would come out of the pot. If you put 3 pennies in the pot, how many will come out? If eight
came out of the pot, how many went into the pot? This is a pattern that students should be able
to begin to generalize. After completing a chart through 10, ask questions such as “What if 50
pennies were put into the pot, what would come out of the pot? What if we put 78 pennies in the
pot, how many would come out? If 36 pennies come out of the pot, how many were put in the
pot?
(slide 29) In-Out (Function) Machine
What is the rule in the function table?
What type of reasoning did you use to determine the function?
What would you predict the output to be if the input is 8?
What type of reasoning was involved in making this prediction?
What would you predict the input to be if the output is 30?
What type of reasoning was involved in making this prediction?
Ask each team to create a function table. Select one or more groups to share. In-Out tables prove
a dynamic and relatively concrete way to analyze the concept of functions. Teachers should ask
questions to support students in thinking about the linear relationships between numbers from
the first column to the second column.
Guess My Rule: Teacher and later students create secret rules for function machines. A
Function machine can be a box or a design created on paper. The machine “operator” knows the
secret rule that is stored in the machine. A rule might be “double the input and add 2.” The
(input) consistently produces a result (an output) - through some invisible internal process (a rule
or function). In this game, students give numbers to go into the machine.
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Teacher keeps a list of In - Out pairs in view of all students. As more numbers are entered into
the machine, students who think they know the rule, raise their hands to give the answers.
Note that summarizing pieces of information in a table can help students figure out what the InOut Machine is doing – what the rule or function is.
 Third graders should be given many opportunities to create function tables or function
machines (individually, with partners or in groups) for all operations. Student should have
opportunities to share their “function machine” for all students to solve. (Before sharing,
students must be able to know and justify the rule for input/output boxes they create. )
 Create a classroom book of functions or place function boxes in centers.
 Why ask students to create their own function tables? (What mathematics must they use to
create a function table?)
(slide 30) Function Machines (Tables)
Have participants read the summarizing points on the slide. Ask participants to either create a
context for the function box they just made or create another function box that fits a context.
Why use Function Machines? Challenge students to create function machines around a context.
The activity gives students an opportunity to understand that functions express regularity and
patterns.
(slide 31) Doing and Undoing
Read the bullets. The statements came from a mathematics professor who referred to the inverse
relationships of addition/subtraction and multiplication and division.
Children must master fundamental logical relationships, including the inverse relationships that
exist between addition and subtraction and multiplication and division.
If students lack generalized understanding of these inverse relationships, they continue to solve
the problems without seeing or using relationships.

page 18

2009 Leaders’ Notes

Grade 3

Module 7

(slide 32) Doing and Undoing
Directions: Assign each problem to different groups. Share solutions.
Ask: What is the mathematics? What reasoning is involved? Algebraic thinking involves
reversibility, being able to undo mathematical processes as well as do them. (inverse operations
for addition and subtraction; multiplication and division)
(slide 33) Doing and Undoing
Ask participants to work with a partner and write the steps to solve the problem on the slide,
starting with the output. They can check to see if their working backwards gets them to the same
numbers as in parentheses below:
13 is the input number
Double it (26)
Add 2 to the answer (28)
Divide that answer by 2 (14)
Subtract 7 from what you get (7)
Multiply the result by 4 (28)
There are many situations, both in and outside of mathematics, where the process of doing and
undoing helps you organize your activities and figure out how to reverse what you've done.
What are examples outside of mathematics for “doing and undoing”? (putting coat on, zip up
coat and then unzip a coat and take off the coat) In mathematics, it is often important to know
how to undo an operation. To understand a process well enough to work backward from the
answer to the starting point builds deeper understanding. This example may be too difficult for
some third grade students. Third grade students should be given opportunities to create “Doing
and Undoing Problems”.
(slide 34) Hexagon Fences
This is appropriate for enrichment for many third grade students. Students can build this pattern
and through class discussions, most third graders can visualize what is happening in this pattern.
Ask participants to individually write the answer to the questions on the slide (a table is on the
next slide).
Note: Third grade students should be able to build this pattern, create and extend a table. They
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may not be able to generalize or find a rule for this pattern. This pattern is more appropriate for
fifth graders but a good exploration for third graders. Questions may lead students to find the
pattern in the blocks.
(35) Hexagon Fences
Geometric patterns make patterns visible for students. Incorporating manipulatives will boost
students’ ability to recognize patterns and relationships. Ask: What is the algebraic solution?
(multiply the number of hexagons by 4 and add two) Explain where this rule comes from.
Ask: How many sides are in the first fence? The 2nd? The 5th? The 9th? Third graders should
be able to identify that the recursive pattern that is increasing each time by 4 and should be able
to extend the table to the tenth figure. (Some third grade students are able to generalize this
pattern but this is not an expectation).
Ask: Is this pattern arithmetic or geometric? (An arithmetic sequence because it has a common
difference between consecutive numbers.)
Summarize: Functions allow us to see, generalize, and represent relationships. The ability to
create, recognize, and extend patterns is essential for making generalizations and seeing
relationships.
Functional relationships can be expressed in real world contexts using graphs, algebraic
equations, tables and words. Each representation for a given function is merely a way of
expressing the same idea. A linear function is characterized by a constant rate of change over
equal intervals. If we show this relationship on a line graph, the graph would show the pattern
as a straight line.
(slide 36) Patterns in a Context
Ask participants to solve the problem and share solution strategies. (Christi will run 30 blocks on
the 11th day.) Note: It is not an expectation for third graders to figure out the functional
relationship for this problem. (function is 3n-2)
Ask: How might you change the numbers for 3rd grade students? (first week 2 blocks, and
increase by 2s or first week 3 blocks and increase by 3s are examples of multiples.
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When students examine real-world functions or explore growing patterns, the functional
relationship is found in the context. The challenge for students is to represent the relationship in
other ways. They might create a chart, a sequence of numbers based on the pattern in the
context, a function table or create a model that represents the pattern.
(slide 37) Growing Patterns
Briefly - notice the difference between arithmetic and geometric patterns by studying the
examples. In the next module we will explore growing patterns and help participants to
distinguish between the two types of growing patterns. There are sequences that are neither
arithmetic or geometric. One example is the sequence of perfect squares: 1, 4, 9, 16, 25, 36…
Again, stress the idea that teachers need to know the kind of patterns they are presenting to their
students. Geometric and growing pattern that are not arithmetic patterns are interesting to
explore but third graders are not expected to be able to generalize rules for these patterns.
(slide 38) What Is Algebraic Thinking?
Defining algebra can be very difficult. It is often easier to think about the concepts included in
algebra and the “habits of mind” needed to be successful with algebraic thinking.
 Algebraic thinking includes being able to think about functions and how they work as well as
thinking about the impact a system’s structure has on calculations.
 When we think algebraically in order to solve problems, explore, to make arguments, etc.,
certain habits of thinking come into play.
 Algebraic thinking in third and fourth grades includes being able to think about functions and
how they work. This idea can be developed from the rules students infer from patterns.
 Algebraic thinking involves reversibility, being able to undo mathematical processes as well
as do them. Algebraic thinking and reasoning involve the way students use the context of
algebra for generalizing and formulizing regularity in all aspects of mathematics (Van de
Walle).
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(slide 39) Algebra
Ask participants to read points on the slide. Understanding change is fundamental to
understanding functions and understanding many ideas in newspaper, magazines and all forms
of media.
With your group, generate a list of situations or possible changes that are predicted using
patterns. (climate changes, rise of ocean waters, food costs, test scores, change in height,
national debt, unemployment, plant growth, stock market, housing costs etc.)
Providing students with opportunities to investigate both repeating and growing patterns allows
students to be more aware of predictable and changing situations.
(slide 40) Essential Mathematics
Ask participants to read quote.

(slide 41) NCTM Position Statement
Ask participants to read slide.

(slide 42) Essential Standards
Follow directions on the slide. Remind participants that Algebra is also addressed in the next
module.

(slides 43-46) Credit Slides
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